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Abstract

We develop powerful new size-correction procedures for nonstandard hypothesis
testing environments in which the asymptotic distribution of a test statistic is discon-
tinuous in a parameter under the null hypothesis. Examples of this form of testing
problem are pervasive in econometrics and complicate inference by making size diffi-
cult to control. This paper introduces two sets of new size-correction methods that
correspond to two different general hypothesis testing frameworks. The new methods
are designed to maximize the power of the underlying test while maintaining correct
asymptotic size uniformly over the parameter space specified by the null hypothesis.
They involve the construction of critical values that make use of reasoning derived from
Bonferroni bounds. The first set of new methods provides complementary alternatives
to existing size-correction methods, entailing substantially higher power for many test-
ing problems. The second set of new methods provides the first available asymptotically
size-correct tests for the general class of testing problems to which it applies. This class
includes hypothesis tests on parameters after consistent model selection and tests on
super-efficient /hard-thresholding estimators. We detail the construction and perfor-
mance of the new tests in three specific examples: testing after conservative model
selection, testing when a nuisance parameter may be on a boundary and testing after
consistent model selection.
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1 Introduction

Nonstandard econometric testing problems have gained substantial attention in recent years.
In this paper, we focus on a very broad class of these problems: those for which the null
limit distribution of a test statistic is discontinuous in a parameter. The problems falling
into this class range from tests in the potential presence of identification failure (e.g., Staiger
and Stock, 1997 and Andrews and Cheng, 2012) to tests after pretesting or model selection
(e.g., Leeb and Pétscher, 2005 and Guggenberger, 2010) to tests when a parameter may lie
on the boundary of its parameter space (e.g., Andrews, 1999, 2001). Though test statistics
that do not exhibit this type of discontinuity exist for some problems (e.g., Kleibergen, 2002),
they do not for others. Moreover, such test statistics may not necessarily be preferred to
parameter-discontinuous ones when good size-correction procedures are available, as they
can have low power. However, we sidestep the important issue of choosing a test statistic in
this paper, taking it as given.

The usual approximation to the size of a test is the asymptotic probability of rejecting
a true null hypothesis (null rejection probability) at a fixed parameter value. For the types
of problems studied in this paper, such an approximation is grossly misleading. In fact, the
discrepancy between this point-wise null rejection probability (NRP) and the (asymptotic)
size of a test can reach unity less the nominal level. This problem does not disappear,
and often worsens, as the sample size grows. The inadequacy of point-wise asymptotic
approximations and the resulting pitfalls for inference have been studied extensively in the
literature. See, for example, Dufour (1997) in the context of inference on the two-stage least
squares estimator, Leeb and Pétscher (2005) in the context of inference after model selection,
Stoye (2009) in the context of inference on partially identified parameters and Andrews and
Guggenberger (2009a) (AG henceforth) in the context of inference on the autoregressive
parameter in a first-order autoregressive model. In the parameter-discontinuous testing
framework of this paper, one must examine the maximal NRP uniformly, over the entire
parameter space, as the sample size grows in order to determine the asymptotic size of the
test (see e.g., the work of Mikusheva, 2007 and Andrews and Guggenberger, 2009b, 2010b).
When using the test statistics considered in this paper, one typically takes a conservative
approach to control size, leading to highly non-similar tests, i.e., tests for which the point-
wise NRP differs substantially across parameter values. This often results in very poor
power.

In this paper, we develop novel size-correction methods with the goal of minimizing the



degree of “conservativeness” of the test, and hence maximizing its power, while maintaining
correct asymptotic size. We do so under two different frameworks that allow for different
null limiting behavior of a given test statistic. For the first, termed the single localized limit
distribution (SLLD) framework, we adopt the framework studied by AG as it is quite broad in
scope. For the second, termed the multiple localized limit distributions (MLLDs) framework,
we generalize the SLLD framework in order to accommodate certain complicated asymptotic
behaviors of test statistics. To our knowledge, this latter, more general framework has not
yet been studied. It includes examples of testing after consistent model selection and testing
on super-efficient /hard-thresholding estimators.

The basic idea behind the size-corrections we introduce is to adaptively learn from the
data how far the true parameters are from the point that causes the discontinuity in the
asymptotic behavior of the test statistic in order to construct critical values (CVs) that
control the size of the test but are not overly conservative. We do this under a “drifting
sequence” framework by embedding the true parameter values in a sequence indexed by the
sample size and a localization parameter. Within this framework, we estimate a correspond-
ing localization parameter to find a set of drifting sequences of parameters relevant to the
testing problem at hand. We then examine the CVs corresponding to the null limiting quan-
tiles of the test statistic that obtain under the drifting sequences within this set. Though
the localization parameter cannot be consistently estimated under these drifting sequences,
it is often possible to obtain estimators that are asymptotically centered about their true
values and hence to construct asymptotically valid confidence sets for the true localization
parameter.

Based upon this estimator and corresponding confidence sets, we examine three different
size-correction methods in increasing order of computational complexity. For the first, we
search for the maximal CV over a confidence set, rather than the maximal CV over the
entire space of localization parameters, to reduce the degree of conservativeness of a given
hypothesis test. Inherent in this construction are two levels of uncertainty: one for the
localization parameter and one for the test statistic itself. We use procedures based on
Bonferroni bounds to account for both. For the second, we also search for a maximal
CV over a confidence set but, instead of using Bonferroni bounds, we account for the two
levels of uncertainty by adjusting CV levels according to the asymptotic distributions that
arise under drifting parameter sequences. This method compensates for the asymptotic
dependence structure between the test statistic and the CV, leading to more powerful tests.
For the third, we find the smallest CVs over sets of those justified by the first and second,



leading to tests with high power over most of the parameter space.

For testing problems within the scope of the SLLD framework, our new size-correction
methods can be constructed to be either uniformly more powerful asymptotically than exist-
ing least-favorable (LF) methods or are more powerful over most of the relevant parameter
space. In the latter case, the portions of the parameter space for which LF methods dominate
tend to be very small and such dominance tends to be nearly undetectable even within these
portions. The finite-sample power dominance of our new methods can be very pronounced,
sometimes reaching nearly 100% over most of the parameter space. Our size-corrections can
also be constructed to direct power toward different regions of the parameter space while
sacrificing very little in others. We also develop the first size-correction procedures we are
aware of to provide tests with correct asymptotic size for all testing problems falling within
the MLLDs framework. Since they are adapted from the size-correction procedures used in
the SLLD framework to this generalized framework, they also adopt many desirable power
properties.

The scope of problems to which our size-correction methods may be applied is quite wide.
For illustration, we provide detailed applications to three nonstandard testing problems.
Two of these examples concern testing after model selection/pretesting. The first, taken
from AG, involves testing after conservative model selection and falls within the scope of the
SLLD framework. The second, taken from Leeb and Potscher (2005), considers testing after
consistent model selection and falls within the scope of the MLLDs framework. The other
example we detail concerns testing when a nuisance parameter may be on a boundary of its
parameter space, taken from Andrews and Guggenberger (2010b). We also briefly discuss a
subset of the numerous other examples for which our size-corrections can be used. We focus
on testing after model selection in the examples because at present, available uniformly valid
inference methods tend to be extremely conservative. Inference after model selection is an
important issue that is all too frequently ignored, sometimes being referred to as “the quiet
scandal of statistics”. See, for example, Hansen (2005a) for a discussion of the importance
of this issue. Moreover, excluding the results of AG and Kabaila (1998), the literature
has been quite negative with regards to solving this inference problem (e.g., Andrews and
Guggenberger, 2009b, Leeb and Pétscher, 2005, 2006 and 2008), especially with regards to
inference after consistent model selection.

The recently developed methods for uniform inference of AG are closely related to the
methods developed here. AG also study a given test statistic and adjust CVs according to

a drifting parameter sequence framework. However, our methods tend to be (oftentimes,



much) less conservative than theirs. Existing inference procedures that make use of Bonfer-
roni bounds are also related to those developed here. Some of the CVs we employ can also be
interpreted as smoothed versions of those based on binary decision rules that use an incon-
sistent estimator of the localization parameter. Our CVs are also related to those that use
a “transition function” approach to interpolate between LF and standard CVs. In contrast
to these approaches, ours do not necessitate an ad hoc choice of transition function. Rather,
they use the data and the limiting behavior of the test statistic to adaptively transition be-
tween CVs. See Sections 3.1 and 3.3 for details and references on these related procedures.
Finally, the recent work of Elliott et al. (2012) takes a somewhat different approach to some
of the problems discussed here by attempting to numerically determine tests that approach
an asymptotic power bound.

The remainder of this paper is composed as follows. Section 2 describes the general class
of nonstandard hypothesis testing problems we study, subsequently detailing the SLLD and
MLLDs frameworks and providing examples. Section 3 goes on to specify the size-correction
methods of this paper under the two localized limit distribution frameworks and provides
the conditions under which some of these size-corrections yield correct asymptotic size. To
conserve space, some of the conditions used to show size-correctness of procedures in the
MLLDs framework are relegated to Appendix III, which also contains some auxiliary suffi-
cient conditions. Specifics on how to construct some of the size-corrected CVs are provided
for three econometric examples in Sections 4, 5 and 6. The finite sample performance of
two of the examples, corresponding to testing after model selection, is also analyzed there.
Section 7 concludes. Appendix I contains proofs of the main results of this paper while Ap-
pendix II is composed of derivations used to show how the example testing problems fit the
assumptions of the paper. All tables and figures can be found at the end of the document.

To simplify notation, we will occasionally abuse it by letting (a;,as) denote the vector
(a},ay)’. The sample size is denoted by n and all limits are taken to mean as n — oo. Let
Ri={zeR:2>0},R_.={zeR:2>0}, R_ =R_U{-00}, Ry o« =R, U{oo} and
R = RU{—00,00}. 1(-) denotes the indicator function. ®(-) and ¢(-) are the usual notation
for the distribution and density functions of the standard normal distribution. « 2y and
« 257 denote weak convergence and convergence in probability while O(-), o(-), O,(-) and

0p(+) denote the usual (stochasitc) orders of magnitude.



2 Parameter-Discontinuous Asymptotic Distributions

In this paper, we are interested in performing hypothesis tests when the asymptotic distribu-
tion of the test statistic is discontinuous in a parameter under the null hypothesis. We take
the test statistic as given and examine the tasks of controlling size and maximizing power for
the given statistic. The important separate issue of choosing a test statistic depends on the
specific testing problem at hand and is not the focus of this paper. In order to analyze this
problem, we adopt the same general testing framework as AG. Consider some generic test
statistic T,(6y) used for testing Hy : 6 = 6, for some finite-dimensional parameter § € R?.
Under Hy, T,,(0y) and its asymptotic distribution depend on some parameter v € I". Refer
to this limit distribution as F,. We decompose + into three components, viz. v = (v1, 72, ¥3),
depending on how each component affects F, as follows. The distribution F), is discontinuous
in ;, a parameter in I';y € RP, when one or more of the elements of v is equal to zero. It also
depends on v,, a parameter in I's € RY, but v, does not affect the distance of v to the point
of discontinuity in F,. The third component 73 may be finite- or infinite-dimensional, lying
in some general parameter space I's(71,72) that may depend on 77 and ~,. The component
73 does not affect the limit distribution £, but may affect the properties of 7,,(6y) in finite

samples. Formally, the parameter space for v is given by

I'={(v,7%,7) :71 € 1,7 €Ty, v3 € I's(11,72) }- (1)

To complete the preliminary setup, we impose the following product space assumption on
I';. This assumption is identical to Assumption A of AG. Let | (]|) denote the left (right)

endpoint of an interval that may be open or closed.

Assumption D. (i) T satisfies (1) and (i1) Ty =[]} _ U1 m, where Ty = [V, 710 for
some —o0 < vi,m < V' < 00 that satisfy yi’m <0<, form=1,...p.

This paper introduces testing methods that are asymptotically size-controlled. Asymp-
totic size control requires one to asymptotically bound the NRP uniformly over the parameter
space admissible under the null hypothesis. In order to assess the uniform limiting behavior
of a test, one must examine its behavior along drifting sequences of parameters (see e.g., An-
drews and Guggenberger, 2010b and Andrews et al., 2011). In this vein, we allow 7 to depend
on the sample size, and emphasize this dependence by denoting it V.n = (Vnh1, Ynh2, Ynh3),

where h = (hy,he) € H = H; X Hy is a localization parameter that describes the limiting



behavior of the sequence. The sets H; and Hy depend on I'y and I'y as follows:

Ry oo, if ’Y{,m =0,

p
H=1]{ Row ifat, =0,
m=1
Ry,  if~,, <0and~f,, >0,
H2 = Cl(FQ),

where cl(I'y) is the closure of I'y with respect to R% . Given r > 0 and h € H, define {v,, 5}
as the sequence of parameters in I' for which n"vy, 1 — hi and 7,2 — ho. In this paper,
we consider two broad classes of testing problems: one for which the limiting behavior of the
test statistic is fully characterized by h under any drifting sequence of parameters {, 5} and
the other for which this limiting behavior depends upon both h and the limiting behavior of

{Vnn1} relative to another sequence.

2.1 Single Localized Limit Distribution Framework

We begin the analysis with the simpler of the two cases just described. This class of testing

problems can be broadly characterized by Assumption D and the following assumption.

Assumption S-B.1. There exists a single fized r > 0 such that for all h € H and corre-
sponding sequences {Ynn}t, T0(6o) LN Wy, under Hy and {vnpn}-

Denote the limit distribution function for a given h as Jy, i.e., P(W,, < z) = J,(z) and
the (1 — a)™ quantile of W), by c,(1 — ). We refer to J;, as a “localized” limit distribution
as it obtains under a drifting sequence of parameters indexed by the localization parameter
h. Assumption S-B.1 is identical to Assumption B of AG. For every sequence of parameters
{Vnr} indexed by the same localization parameter h, the same limit distribution .J, obtains,
hence the term “single” in SLLD. We now introduce some new assumptions, noting that they
are applicable to most of the same econometric applications that satisfy the assumptions
imposed by AG.

Assumption S-B.2. Consider some fized § € (0,1).
(i) As a function in h from H into R, c;(1 — 0) is continuous.
(ii) For any h € H, Ju(-) is continuous at cp(1 —9).

Assumption S-B.2 is a mild continuity assumption. To obtain stronger results, we

strengthen part (i) as follows.



Assumption S-BM.1. For some fived o € (0,1) and pair (§,0) € [0, — 8] x [0, — §], as

a function of h and 6, ¢, (1 — §) is continuous over H and [0, — §].

The quantity  serves as a lower bound and a — § serves as an upper bound on the points
d for which ¢;,(1 — ) must be continuous. In many examples of interest, W}, is a continuous
random variable with infinite support so that ¢;(1) = oo. For such examples ¢ can be set
arbitrarily close, but not equal, to zero. Assumptions D, S-B.1, S-B.2 and S-BM.1 and
the other assumptions for this framework introduced later in Sections 3.1 through 3.3 hold
in many nonstandard econometric testing problems of interest. The following are simple,

illustrative examples of such problems.

2.1.1 Testing After Conservative Model Selection

Various forms of hypothesis tests after model selection exemplify testing problems with
parameter-discontinuous null limit distributions. Conducting a ¢-test on a parameter of
interest after conservative model selection falls within the framework of Section 2.1, having
a SLLD. Conservative model selection includes, among others, methods based on the Akaike
information criterion (AIC) and standard pre-testing techniques. As an illustrative example,

consider the following problem described by AG. We have a model given by
yi = a1 + 23,0 + 5B + oei, (2)

fori=1,...,n, where 2} = (2}, 2%, 25) € R*, B = (0, By, B) € R*, x%,, 25,0, B2, 0,6; € R,
x4, B3 € R¥2, the observations {(y;,})} are i.i.d. and €; has mean zero and unit variance
conditional on x}. We are interested in testing Hy : 6 = 6, after determining whether to
include 3, in the regression model (2), that is, after determining whether to impose the
restriction S5 = 0. This decision is based on whether the absolute value of the pretest
t-statistic .

n'/ * By

|Tn72| = |z * *
U(n*1X2’M[Xf;X§]X2)*1/2

~

exceeds a pretest CV ¢ > 0, where ¢ is fixed (i.e., does not depend on n), 5 is the standard
unrestricted OLS estimator of 35 in the regression (2) and 6% = (n — k‘)*lY’M[Xf:X;:Xg]Y
with Y = (y1,...,90), X5 = [2f; - ... 2},) for j =1,2,3 and My =T — A(A'A)~' A’ for
some generic full-rank matrix A and conformable identity matrix I. The model selection

pretest rejects fy = 0 when |7, 5| > ¢ and the subsequent t-statistic for testing Hy is based



on the unrestricted version of (2) and is given by

n'/2(6 — 6,)

T (6 ,
1(5) (=1 X7 Mixx) X7) 12

where 0 is the unrestricted OLS estiamtor from regression (2). Conversely, the model selec-
tion pretest selects the model without z3;, or equivalently restricts Sy = 0, when |1,,2| < ¢
and the resulting t-statistic for Hy is given by

n'/2(6 — 6,)

Trl00) = Gt Xy b X) 7

where 0 is the restricted OLS estimator from regression (2) with (5 restricted to equal zero.
Hence, for a two-sided test, the post-conservative model selection test statistic for testing

Hy is given by
T(00) = T2 (00)[L(|Tn 2| < €) + [T (00)|1(| T 2| > ©).

With straightforward modification, the results described below also apply to one-sided testing
for this problem. See AG and Andrews and Guggenberger (2009¢) for more details.!

Results in AG show how this testing problem satisfies Assumptions D and S-B.1. Specif-
ically, let G denote the distribution of (g;, x}) and define the following quantities

(2

* */ * kI \—1,.% ,.%
n vy, — v (Barbas)  vya);

xX: g

3
* */ * ok \—1 % %
Loj — $3i(EG$3i$3z‘) L3;To;

Q = Egriz;’, and Q'=

Then for this examplea M= 62/0-(6222)1/2’ Y2 = le/(QllQZQ)l/Q and V3 = (6% /637 g, G)/ and
) 12012 < ) +121]1(1Zs| > ¢), iEn =0
Tn(QO) — A
|Zl|’ if 4! 7£ 07

where Z, Zl and Z5 are standard normal random variables with Zl independent of Z5 and
Corr(Zy, Zy) = 7. The parameter spaces in (1) are given by I'y = R, Ty = [-1 + w, 1 — w]

for some w > 0 and

T3(1,72) = {(B2, B3,0,G) : By €R, B3 € RF2 5 € (0,00), 71 = Ba/a(Q*)?,

IThe testing problem described here also applies to testing a linear combination of regression coefficients
after conservative model selection. This involves a reparameterization described in Andrews and Guggen-
berger (2009c¢).




Yo = Q2/(QM Q™) \uin(Q) > #, Amin( By > w, Eglla||*™° < M,
Egllexi||*T° < M, Eg(ei|x}) = 0 as., Eg(e?]a}) =1 as.}

for some k,6 > 0 and M < oo, where A\, (A) is the smallest eigenvalue of generic matrix A.
From this parameter space, it is clear that Assumption D holds for this example. Moreover,
Andrews and Guggenberger (2009¢) show that Assumption S-B.1 holds with » = 1/2 and

Jn(@) = A(hiho(1 — B2) V2, 2)A(hy, ¢) + / (1 —A ((1}11_252115/2’ i 23)1/2» o(t)dt,

—T

where A(a,b) = ®(a+b)—P(a—b). Asdefined, H; = R, and Hy = [-14w, 1—w]. Turning to
the new assumptions, the lower bound § of Assumption S-BM.1 can be set arbitrarily close
to zero and § can be set to any quantity in its admissible range [0, — 4] since W), is a
continuous random variable with support over the entire real line for any h € H, which
can be seen by examining J(-). This fact similarly implies Assumption S-B.2(ii) holds. An
assumption imposed later will necessitate a restriction on § that we will discuss in Section
4. Continuity of ¢;(1 — §) in h follows from the facts that ¢, (1 — ) = J, (1 — ) and J,(z)
is continuous in h € H.

The SLLD framework applies to many more complex examples of testing after conser-
vative model selection. For example, results in Leeb (2006) and Leeb and Pdtscher (2008)
can be used to verify the assumptions of this paper for a sequential general-to-specific model

selection procedure with multiple potential control variables.

2.1.2 Testing when a Nuisance Parameter may be on a Boundary

We now explore an illustrative example of a testing problem in which a nuisance parameter
may be on the boundary of its parameter space under the null hypothesis and show how it
also falls within the framework of Section 2.1. This problem is considered by Andrews and
Guggenberger (2010b) and can be described as follows. We have a sample of size n of an
i.i.d. bivariate random vector X; = (X1, X;2)" with distribution F. Under F', the first two

moments of X; exist and are given by

0 o2 o0
Er(X)) = and Varp(x)=|[ 70 7

2
12 0102p 0y

Say we are interested in the null hypothesis Hy : § = 6y and we know that p > 0. Now

suppose we use the Gaussian quasi-maximum likelihood estimator of (0, u, 01,02, p) under



~

the restriction p > 0, denoted by (0., fin, Gn1, Gn2, Pn), to construct a lower one-sided ¢-test of
H,.2 That is, T,(0y) = —n*/2(0, — 0y) /61, where 0, = X1 — (pn6n) min(0, X,2/6,2) with
an =n"tY " X, for j = 1,2. As in the previous example, results for upper one-sided
and two-sided tests are quite similar.

Results in Andrews and Guggenberger (2010b) provide that this testing problem also
satisfies Assumptions D and S-B.1. Here, 71 = pu/03, 72 = p and 73 = (01, 09, F) and

—Z1 + ymin{0, Zy}, ify =0
—Zl, lf 1 7é 0,

T, (00) -
where Z; and Z, are standard normal random variables with Corr(Z;, Z3) = 72. The corre-
sponding parameter spaces are I'y = Ry, I'y = [-1 + w, 1 — w] for some w > 0 and

F3(71772) = {(017027F) 101,02 € (O,OO)aEfHXz‘||2+6 <M, 0=0,7 = M/U2772 = P}

for some M < oo and 6 > 0.3 From these definitions, it is immediate that Assumption D
holds. Assumption S-B.1 holds for this example with » = 1/2 and

Wi & = Zp,1 + hamin{0, Zn, 5 + hy}, where (3)
Zng 0 1 h

Zh2 _ ha,1 i N 7 2
Ty 2 0 hy 1

In order to verify the new assumptions, it is instructive to examine the distribution function

Ji(+), which is given by

r — h2h1 &0 —hl — hQZ
J =¢ | —— | D(—h 1—® | —5—5 d 4
o (W_h;) o (e () oo 0
(see Appendix II for its derivation). By definition, H; = R, o and Hy = [—-1+w, 1—w|. Now,
looking at the form of J,, we can see that, as in the previous example, W), is a continuous

random variable with support over the entire real line for any h € H so that ¢ of Assumption

S-BM.1 can again be set arbitrarily close to zero and ¢ is left unrestricted over its admissible

2The results below also allow for different estimators in this construction. See Andrews and Guggenberger
(2010Db) for details.

3For the purposes of this paper, we make a small departure from the exact setup used by Andrews and
Guggenberger (2010b) in our definition of I'y, which they define as [—1,1]. That is, we bound the possible
correlation between X;; and X;5 to be less than perfect. We do this in order to employ the size-corrections
described later in this paper. Note that the analogous assumption is imposed in the above post-conservative
model selection example.

10



range. We discuss a restriction imposed later on ¢ in Section 5. For the same reasons given
in the previous example, Assumption S-B.2(ii) holds as well.

More complicated testing problems when a nuisance parameter may be on a boundary
can also be shown to fit the SLLD framework and later assumptions of this paper. For
example, Andrews (1999, 2001) provides results for more complicated boundary examples
that fit this framework.

2.1.3 Other Examples

There are many examples in the econometrics literature of testing problems that fit the
SLLD framework. Apart from those discussed above, these include, but are not limited to,
tests after pretests with fixed CVs (e.g., Guggenberger, 2010), testing when the parameter of
interest may lie on the boundary of its parameter space (e.g., Andrews and Guggenberger,
2010a), tests on model-averaged estimators (e.g., Hansen, 2007), tests on certain types of
shrinkage estimators (e.g., Hansen, 2012), tests in autoregressive models that may contain a
unit root (e.g., AG and Mikusheva, 2007), Vuong tests for nonnested model selection (e.g.,
Shi, 2011), subvector tests allowing for weak identification (e.g., Guggenberger et al., 2012)
and tests on break dates and coefficients in structural change models (e.g., Elliott et al.,
2012 and Elliott and Miiller, 2012).

The SLLD assumptions technically preclude certain testing problems with parameter-
discontinuous null limit distributions such as testing in moment inequality models (e.g., An-
drews and Soares, 2010) and certain tests allowing for weak identification (e.g., Staiger
and Stock, 1997). Nevertheless, the SLLD framework of this paper can be modified in a
problem-specific manner to incorporate some of these problems and apply the testing meth-
ods introduced later to them. For example, Assumption D does not allow for testing in
the moment inequality context when the condition of one moment binding depends upon
whether another moment binds. Yet the results of Andrews and Soares (2010), Andrews
and Barwick (2011) and Romano et al. (2012) suggest that tailoring the assumptions to this

context would permit analogous results to those presented later.

2.2 Multiple Localized Limit Distributions Framework

The MLLDs framework generalizes the SLLD framework. The motivation for this gener-
alization comes from an important class of hypothesis testing problems with parameter-
discontinuous null limit distributions that do not satisfy Assumption S-B.1 because under

Hy and a given {7, .}, the asymptotic behavior of T,,(6y) is not fully characterized by h.

11



In this more general framework, we retain the description of the parameter space given in
Assumption D as well as the description of H following it but weaken Assumption S-B.1 to

the following.

Assumption M-B.1. There is a sequence {k,}, a set K C Hy and a single fized r > 0 such
that for all h € H and corresponding sequences {ynpn}, under Hy:

(i) if im0 Yo /i € K, To(f) — W

(i1) if iMoo Yp [kn € L C K°, Ty(6) — W

(111) if Uy, o0 Ynp1/kn € L°N K€, the asymptotic distribution of T,,(6y) is stochastically
dominated by W,El) or W,gQ).

Assumption M-B.1 allows for different h-dependent localized limit distributions that are
relevant to the different possible limiting behaviors of 7, 5.1 /kn. It collapses to Assumption
S-B.1 when k, = n™" and K = H; or L = H;. The auxiliary sequence {k,} may depend
upon the elements of {7, ,} though this potential dependence is suppressed in the notation.
Denote the limit distributions corresponding to (i) and (ii) as J,(ll) and J}(f), which are the
two localized limit distributions that obtain under the corresponding sequences of v, .1/ k.
Similarly, cg) and cf) denote the corresponding quantile functions. Finally, we denote the
limit random variable under (iii) as W,Eg). This is a slight abuse of notation because there
may be MLLDs that obtain under (iii) alone. Distinction between these distributions is not
necessary here because of the imposed stochastic dominance. We will also make use of the
following definition: (({Vnr}) = imy—o0 Ynn1/kn-

The form that {k,}, K and L take are specific to the testing problem at hand. However,
we make a few general remarks in order to provide some intuition. The MLLDs frameowrk
incorporates testing problems after a decision rule that compares some statistic to a sample-
size-dependent quantity, say ¢,, decides the form T,,(6y) takes. When using such a decision
rule, under the drifting sequence of parameters {, s}, the null limit distribution of 7},(6)
not only depends on the limit of n"v, 1 (and 7, n2), but it also depends on how fast n",, 5.1
grows relative to ¢,. The sequence {k,} is thus some (scaled) ratio of ¢, to n” and the sets
K and L describe the limiting behavior of n"y, 1 relative to ¢,.

This setting can clearly be further generalized to allow for other sequences like {7, n.1/kn}
to also determine the limiting behavior of T,,(6p) under Hy. For example, one additional
sequence of this sort could allow for two additional localized limit distributions that are
not necessarily stochastically dominated by any of the others. In this case, both the space

containing the limit of v, 5.1 /k, and the limit of this additional sequence could determine the
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null limiting behavior of 7,,(6y) under any given {7, ,}. We conjecture that a more general
case like this obtains for hypothesis tests after more complicated consistent model selection
procedures than those for which asymptotic results under drifting sequences of parameters
are presently available. (The intuition for this is given in Section 2.2.1 below).

In this framework, we will also accommodate certain types of discontinuities in the lo-
calized limit distribution J,. One form of these discontinuities occurs when h; is on the
boundary of its parameter space H;, entailing infinite values. In order to accommodate this
type of discontinuity, define the following subset of H: H = int(H;) x H,. Then the set of
h corresponding to h; on the boundary of H; is equal to H¢.

Assumption M-B.2. Consider some fized § € (0,1).

(i) As a function from H into R, cs)(l —0) is continuous for i =1,2.

(u) Fori=1,2 and any h € H, there is some finite e; > 0 for which J}(Li)(-) s continuous
at cs)(l —0) +¢.

Assumption M-B.2 is a continuity assumption that is a relaxed version of a direct adap-
tation of Assumption S-B.2 to the MLLDs framework. For the problems in this class, the
localized quantiles can be infinite for h € H¢. This is why (i) is only required as a function
from H. Similarly, the localized limit distribution functions can be discontinuous at the
their localized quantiles but continuous in a neighborhood near them. Part (ii) provides the
flexibility to allow for this feature. A sufficient condition for Assumption M-B.2 to hold for
1 = 1or 2is that the W,Ei) is a continuous random variable with infinite support and a distri-
bution function that is continuous in A. In this case ¢; = 0. As in the previous framework,

we strengthen part (i) of this assumption to obtain stronger results.

Assumption M-BM.1. For some fized o € (0,1) and pairs (69,6®) € [0,0— 6] x [0, v —
0] fori=1,2, as a function of h and 9, cgf)(l —6) is continuous over H and [6©, o — §®].

Analogous remarks to those on Assumption S-BM.1 can be made here with the exception

that continuity in A is no longer required at h € H°.

2.2.1 Testing After Consistent Model Selection

Unlike hypothesis testing after conservative model selection, testing after consistent model
selection entails substantially more complicated limiting behavior of a test statistic under the
null hypothesis. The essential difference between conservative and consistent model selection

in the context of our examples is that in consistent model selection, the comparison/critical
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value used in the model selection criterion grows with the sample size. This is the case
for example, with the popular Bayesian information criterion (BIC) and the Hannan-Quinn
information criterion.

The simple post-consistent model selection testing framework provided by Leeb and
Potscher (2005) provides an illustrative example of a testing problem that fits the MLLDs

framework. Hence, we shall consider it here. We now consider the regression model
Yi = 0x1; + Pata; + € (5)

fori=1,...,n, where ¢ & i.i.d.N(0,0%) with 0% > 0, X = (2}, ..., 2}) with x; = (x1;, x9;)’
is nonstochastic, full-rank and satisfies X' X/n — Q > 0. For simplicity, assume that o? is
known though the unknown o2 case can be handled similarly. We are interested in testing
Hy : 0 = 0y after deciding whether or not to include xs; in the regression model (5) via a
consistent model selection rule. As in the conservative model selection framework of Section
2.1.1, this decision is based on comparing the t-statistic for Sy with some CV except now
this CV ¢, grows in the sample size such that ¢, — oo but ¢,//n — 0. Formally, let
o*(X'X/n)"t = %o
00,85 0%%”

06,82,n

and p, = 09.8,1/(00.008,n). Then the model selection procedure “chooses” to include xy;
in the regression if |\/nfs/0s,n| > o, Where B, is the (unrestricted) OLS estimator of (3,
in the regression (5), and “chooses” to restrict S, = 0 otherwise. For this example, we
will test Hy by examining the non-studentized quantity /n(f — ), where @ is equal to the
unrestricted OLS estimator of 6 in regression (5) when |\/nfs/0, | > ¢, and the restricted
OLS estimator of 6 in (5) with (3, restricted to equal zero when |\/nfs/03,,| < ¢,.* That is
for an upper one-sided test, the post-consistent model selection test statistic for testing Hy

is given by

T(6) = \/5(5_ 00>1(|\/532/062,n| < cn) + ﬁ(é - 00)1(|\/ﬁ/6?2/062,n| > cn),

where 6 and 6 are the restricted and unrestricted estimators. Examining —T,(00) and |T,,(6y)|
and their corresponding localized null limit distributions would allow us to perform the same

analysis for lower one-sided and two-sided tests of Hy.

4Following Leeb and Pétscher (2005), we examine the non-studentized quantity rather than the t-statistic
because use of the latter will not satisfy Assumption D and is therefore not amenable to the procedures put
forth in this paper. Note that although the studentized quantity does not display a parameter-discontinuous
null limit distribution, it suffers the same size-distortion problem when standard CVs are used.
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Let the limits of all finite sample quantities be denoted by a co subscript, e.g., agvoo. Then

fOI' thlS examplea "1 = /82p00/0ﬂ2,007 Y2 = (72,17 ,72,2) = (097007 poo)/ and V3 = (ﬁ?) 027 O_g,na 0—22,n7

pn)" and
T (9 ) i) N(07 (1 - 72%2)7%,1)7 if M= 0
n\Y0
N(07 722,1)7 if 71 3& 0.

The parameter spaces in (1) are given by I'y = R, T's = [, M] x [-1 4+ w, 1 — w] for some
n € (0, M], w € (0,1] and M € (0,00) and

[3(71,72) = {(52,02703,,@70;232,”,%) 1B ER, o’ € (0,00), 11 = 52000/052,00772 = (0-6,007poo),

. D) . 2 .
lim Tygn = V2,1, lim OBym = Baya2/m, lim p, = Yo,2}-
n—oo n—oo n—oo

Clearly, I' satisfies Assumption D. Using the results of Proposition A.2 in Leeb and Potscher
(2005), we can establish that Assumption M-B.1 is satisfied with k,, = c,p,/v/n, r = 1/2,
K =(-1,1), J\"(x) = ®((1 — h3,) " *(x/hay + 1)), L = [~00, —1) U (1,00] and J\* (z) =
®(z/he1). See Appendix II for details.

The intuition for why different null limit distributions for 7,,(6,) obtain under {v, s}
depending on how 7y, 5.1 = B2.npn/0s,n behaves relative to k, = ¢,p,/+/n as the sample size
grows lies in the fact that when |[Y,p.1/kn| = |V/1B2m/0symtn| < 1, Tn(6) equals /n(6 — b,)
asymptotically. Conversely, when |y, n1/kn| = [v/1B2n/0ssmCn| > 1, T(6o) equals /n(6—6,)
asymptotically. Under H, and the drifting sequence {v,}, the statistics \/ﬁ(g— 0y) and
\/ﬁ(é —0p) have different limit distributions, corresponding to J,(Ll) and J}(LQ), respectively. In
the knife-edge case for which limy, oo |Vn.n1/kn| = 1, the limit of 7},(6y) then also depends on
the limiting behavior of ¢, +=+/nf2.,/0s,n (see Leeb and Potscher, 2005). However, no matter
the limit of this latter quantity, the limit of 7},(6y) in this case is always stochastically domi-
nated by the limit that pertains under either lim,, oo [Ynp,1/kn| < 1 or im, oo [Ynn1/kn| > 1
(see Appendix II). Hence, under a given drifting sequence {7, }, the limiting behavior of
T..(6p) is not fully characterized by h, in violation of Assumption S-B.1.

By definition, H; = R, and Hy = [, M] X [-1 4+ w, 1 — w|. Turning now to Assumption
M-BM.1, 6%V can be set arbitrarily close to, but strictly greater than, zero. Since cg)(l —0)
is the (1—4)" quantile of a normal distribution with mean —hyhsy 1 and variance h3 (1 —h3,)
and H =R x [, M] x [-1+w,1—w], cgbl)(l — §) is continuous in h over H for any § € (0,1).
Continuity in 6 over [0, a — 8] also follows for any 6 € [0, — §V]. Similar reasoning
shows that, §® can be set arbitrarily close to zero and 6 can be anywhere in its admissible

range for Assumption M-BM.1 to hold (we discuss restrictions imposed on 6 for i = 1,2
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by later assumptions in Section 6). For h € H and i = 1, 2, J,Ef) is the distribution function
of a continuous random variable so that Assumption M-B.2(ii) holds with &; = 0.

As with the other examples studied in this paper, this simple illustrative example is not
the most general of its kind to fall into this framework. Many of the assumptions in the
above example can be relaxed. However, uniform asymptotic distributional results for more
complex consistent model selection procedures are not readily available in the literature.
This may be in part due to the very negative results put forth regarding attempts to con-
duct inference after even the simplest of such procedures (e.g., Leeb and Potscher, 2005 and
Andrews and Guggenberger, 2009b). As alluded to above, more complicated procedures,
such as a consistent version of the sequential general-to-specific model selection approach
of Leeb (2006) and Leeb and Pdétscher (2008) or standard BIC approaches to more com-
plicated models, likely require a straightforward extension of the MLLDs framework and
the corresponding CVs introduced below. The intuition for this essentially follows from the
same intuition as that used for the simple post-consistent model selection example provided
above. As a simplification, suppose now that another regressor enters the potential model
(5) with associated coefficient 3. Using the obvious notation, we may also wish to determine
whether 5 should enter the model prior to testing Hy by comparing |/nfs Jos,| to ¢p. In
this case T,,(6p) would take one of four, rather than two, possible values depending on both

the value of |/nfs/0s,| and |\/nfs/os,| relative to ¢, (ignoring knife-edge cases).

2.2.2 Other Examples

The class of super-efficient /hard-thresholding estimators studied by Andrews and Guggen-
berger (2009b) and Potscher and Leeb (2009), including Hodges’ estimator, also fit the
MLLDs framework. A certain subclass of these estimators in fact requires €; > 0 in Assump-
tion M-B.2(ii) for ¢ = 1 or 2, unlike the problem considered immediately above. Related
problems of testing after pretests using pretest CVs that grow in the sample size fit the
MLLDs framework as well. Though some very recent work has explored the properties of
uniformly valid confidence intervals for some of the problems that fall into this framework
(e.g., Potscher and Schneider, 2010), to the author’s knowledge, this is the first time such
a framework and corresponding uniformly valid inference procedure has been presented at

this level of generality.
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3 Bonferroni-Based Critical Values

For test statistics with parameter-discontinuous null limit distributions, the asymptotic NRP
of the test, evaluated at a given parameter value permissible under Hy can provide a very
poor approximation to the true NRP and size of the test, even for large samples. In order
to be more precise about this terminology, we introduce the following definitions for a test
of Hy : 0 = 0y, working under the framework described in Section 2. Let k,, be the (possibly
random or sample-size-dependent) CV being used. The NRP evaluated at v € T is given by
Py~ (T,(00) > k), where Py ,(E) denotes the probability of event E given that (6y,) are
the true parameters describing the data-generating process (DGP). The asymptotic NRP of
a test statistic 7},(6p) and cv &, evaluated at v € I' is given by limsup,,_, oo Pay~(Tn(60) > £n).

The exact and asymptotic sizes are defined as

ExSZ,, (0o, kn) = sup Py, (11 (00) > k)

vyel

AsySz(0y, k) = lim sup ExSZ,,(0y, £r)-

n—oo

Note that the exact and asymptotic sizes of a test have the concept of uniformity built into
their definitions in that ExSZ, (0o, k,,) is the largest NRP uniformly over the parameter space
I and AsySz(6y, k) is its limit. In order to have a test with approximately controlled exact
size, and therefore controlled NRP at any v € I', we must control AsySz(6y, ky,).

Under the frameworks of this paper, the primary theoretical step in controlling the asymp-
totic size of a test is to control the asymptotic NRP under all drifting sequences of parameters
{¥n,n}. That is, if we can find a (sequence of ) CV(s) {K,} such that lim sup,,_,, Py, ~,.,(T0(00)
> Kp) < a for all {7y,,} described in Section 2, we can construct a hypothesis test whose
asymptotic size is bounded by « (see Andrews and Guggenberger, 2010b, Andrews et al.,
2011 or the subsequencing arguments used in Appendix I for details). Since ¢,(1 — a) (or
cﬁf)(l —a),i=1,2)is the (1 — )™ CV of the limit distribution of T},(6y) under Hy and the
drifting sequence of parameters {v,}, we would ideally like to use a CV that is equal to
cp(1 — o) whenever {v, } characterizes the true DGP in order to maximize the power of the
resulting test while controlling its asymptotic size. Unfortunately, A cannot be consistently
estimated under all drifting sequence DGPs. This has led to the construction of the so-called
LF CV supycy ¢y(1 — «) and variants thereof (e.g., AG). Guarding against the worst-case
drifting sequence DGP, this CV is often quite large, substantially reducing the power of the
resulting test.

Though h cannot be consistently estimated under {v,.}, in typical applications one can
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find an estimator of h that converges in distribution to a random variable centered around the
true value under Hy and this drifting sequence DGP. This allows one to form asymptotically
valid confidence sets for h and subsequently restrict attention to data-dependent regions
inside of H relevant to the testing problem at hand, rather than guarding against the worst-
case scenario, leading to smaller CVs and resulting tests with higher power. However, the
additional uncertainty associated with the estimation of h must be taken into account for
one to control the asymptotic NRP under all drifting sequences. This is where Bonferroni
bounds become useful.

We now introduce two sets of three types of robust CVs based upon Bonferroni ap-
proaches. Each set corresponds to CVs to be used within either the SLLD or MLLDs
framework. Within each set, the CVs are presented in increasing order of computational
complexity. As the types of CV grow from least to most computationally complex, appro-

priately constructed tests using them tend to gain in power.

3.1 S-Bonf Robust Critical Values

We begin by examining Bonferroni-based size-corrected CVs for problems that are char-
acterized by a SLLD, as described in Section 2.1. The first, most conservative but most

computationally simple Bonferroni-based CV is defined as follows:

A~

cp(a,0,h,) =  sup  cy(1—4),

bela—é(hn)

where § € [0, al, h, is some random vector taking value in an auxiliary space H and I,—s(-)
is a correspondence from H into H. In applications, the space H will typically be equal to
H or a space containing H but this is not necessary for the ensuing assumptions to hold.
The random vector h,, is an estimator of h under Hy and the DGP characterized by {Vn.n}
and Ia,g(izn) serves as a (a — d)-level confidence set for h. Construction of an estimator of h
is typically apparent from the context of the testing problem, given that hy = n"~, 1+ o(1)
and hy = Yp240(1). The S-Bonf CV generalizes the LF CV: when Io(z) = H for all z € H,
S, a,hy) = crp(a) = supyegr ¢y(1 — ). The tuning parameter § can be used to direct the
power of the test towards different regions of the parameter space H.

Procedures using Bonferroni bounds in inference problems involving nuisance parameters
and /or composite hypotheses have appeared in various contexts throughout the econometrics
and statistics literature. Examples include Loh (1985), Stock (1991), Berger and Boos (1994),

Silvapulle (1996), Staiger and Stock (1997), Romano and Wolf (2000), Hansen (2005b),
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Moon and Schorfheide (2009), Chaudhuri and Zivot (2011) and Romano et al. (2012).°
Romano et al. (2012), which applies a specific form of the S-Bonf CV to hypothesis testing
in partially identified moment inequality models, was developed concurrently with this work.
The methods of Loh (1985) and Hansen (2005b) are analogous to letting § — a as n — oo
in the confidence set I,_s(h,), but simply using the maximand ¢,(1 — «) in the construction
of the CV. Though this approach is asymptotically size-correct since it leads to the use of
crr(a) in the limit, it can have poor finite sample size control since it fails to fully account
for the additional uncertainty involved in estimating h. We now impose further assumptions

to ensure that tests utilizing ¢ in the current context exhibit asymptotic size control.

Assumption S-B.3. Consider some fized § € [0,1]. Under Hy and when the drifting
sequence of parameters {7y, 5} characterizes the true DGP for any fived h € H, there exists
an estimator iLn taking values in some space H and a (nonrandom) continuous, compact-
valued correspondence I : H = H such that B BN E, a random vector taking values in H
for which P(h € IB(iNL)) >1-p.

Assumption S-B.3 assures that izn is a well-behaved estimator of A under Hy and {7, 4}
and imposes basic continuity assumptions on the correspondence /3(-) used to construct the
confidence set for h. It allows I3(-) to take a variety of forms depending upon the context
of the testing problem. For a given § = «a — 9§, this flexibility can be used to direct the
power of the test towards different regions of H or to increase the computational tractability
of constructing the S-Bonf-Min CVs (see, e.g., Romano et al., 2012). In a typical testing
problem, under Hy and {v,n}, lAsz converges weakly to a normally distributed random
variable with mean h;, the true localization parameter, making the construction of Iz very
straightforward. Similarly, depending upon the testing problem, different choices of By may
lead to tests with different power properties. For example, it may be advantageous to use
h,, that imposes H if this leads to smaller CVs.

Assumption S-B.4. Under Hy and when the drifting sequence of parameters {v,n} char-

A~

acterizes the true DGP, (T,(600), hy) N (Wh,h) for all h € H.

Assumptions S-B.1 and S-B.3 already provide that T, () BN W, and ﬁn % h under H,
and {7, } so that Assumption S-B.4 only ensures that this weak convergence occurs jointly.

Assumptions S-B.3 and S-B.4 also allow for much flexibility in the estimation of h. Since

5T thank Hannes Leeb and Benedikt P&tscher for alerting me to some of the early references in the
statistics literature through the note Leeb and Potscher (2012).
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weak convergence is only required under Hy, ho, may be constructed to be an asymptotically

biased estimator of h under some alternatives. We may now state the first result.

Theorem S-B. Under Assumptions D and S-B.1 through S-B.4 for = a — 9,
§ < AsySz(by, ¢3(av, 6, hy)) < a.

Theorem S-B establishes the asymptotic size control of tests using S-Bonf CVs as well as
providing a lower bound for the asymptotic size. If a consistent estimator of v, is available,
we can “plug” it into the CV to reduce its magnitude and increase the power of the test.
Define the plug-in (PI) S-Bonf CV ¢3,_p,(«, d, hy,) as above but with Io_5(hn); = {3n.2,-p}
for j = p+1,...,p+ q. This generalizes the PI LF CV (e.g., AG): when Iy(x) = H; X
{(@ps1,..., Tprq) forallz € H, ¢ py(a,a,hy) = CLf'_P](Oé, Yn,2) = SUDy, e, b1 Ann) (1),
Similar comments to those regarding the choice of 9, h,, and I,_s(-) apply to this CV as well.
We impose the following consistency assumption then state the analogous result for tests
using PI S-Bonf CVs.

Assumption PI. 4,5 — v,2 — 0 for all sequences {y,} with v, € T for all n.

Corollary S-B-PI. Under Assumptions D, S-B.1 through S-B.4 and PI for f = a — 9,

~

§ < AsySz(6y, ¢ prla, 8, hy,) < a.

3.2 S-Bonf-Adj Robust Critical Values

Though they are size-controlled, the S-Bonf CVs may be conservative, even in a uniform
sense. This can be seen from the fact that we can only establish a lower bound of 9 < « on
the asymptotic size of tests using these CVs. Instead of relying on Bonferroni bounds, for a
given confidence set level, we can directly adjust the level of the localized quantile function

~

according to the limit distribution of (7,,(y, h,)) to improve power as follows:

3 a(a, B, hy) = sup  ¢y(1 — @),
befg(hn)

where 8 € [0,1] and @ = infyey a(h) with a(h) € [a — 3, a] solving

P(Wy, > sup cy(1 —a(h))) =«
hels(h)

or a(h) = a it P(W, > SUDyer, ) cp(1 — ) < a. Unlike the S-Bonf CV, the level ad-
justment in this S-Bonf-Adj CV compensates for the limiting dependence between T,,(6)
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and sup. L (i) cy(+). The level & is an implicit function of the tuning parameter [, au-
tomatically adjusting to the user’s choice. Clearly, for any given choice of 6 € [0,q],
S (o, — 6, hy) < (a8, hy) so that a test using ¢5_4(a, o — 6, hy,) necessarily has
higher power. Note that, like the S-Bonf CVs, the S-Bonf-Adj CVs also generalize the LF
CV: when Io(z) = H for all z € H, P(W), > cpp(a)) = P(W, > SUpye iy (1 — @) < o
for all h € H so that a(h) = a for all h € H and ¢§_,(a, v, hy,) = cpp(e).

To show correct asymptotic size of the S-Bonf-Adj CVs, we impose one additional con-

dition which is essentially a continuity assumption.

Assumption S-BA. (i) P(W, = ¢$_ (o, B,h)) =0 for all h € H.
(ii) PWy- > %4 (v, B,h*)) = o for some h* € H.

Assumption S-BA is analogous to Assumption Rob2 of Andrews and Cheng (2012) in
the current general context. Part (ii) is not required for the asymptotic size to be bounded
above by «; it is only used to show that the lower bound is also equal to a. Part (i) holds if

W, —c3_ A(a,%) is a continuous random variable for all h € H, as is typical in applications.

Theorem S-BA. Under Assumptions D, S-B.1, S-B.2(i) evaluated at 6 = &, S-B.3, S-B.J
and S-BA,
AsySz(6y, ¢35 4(a, B, b)) = a.

We can also define a PI version of these CVs to further improve power as follows:

A~

C%—A—Pl(a> ﬁa hn) = SUP Ch(l - &(;}/TL,Q))a
helg(hn)

~

where Ig(hn); = {Yn2jp} for j =p+1,....,p+q, B €[0,a] and @ : Hy — [§,a — 4] C
[a — B,a] is a level-adjustment function. For similar reasons to those given above, a test
using ¢3_ 4 pr(a, a0 — 4, izn) that satisfies the following assumption necessarily has higher
power than one using ¢5_p; (e, 8, h,,) and generalizes cpp_pr(a, 4n2).

To show correct asymptotic size of tests using the PI S-Bonf-Adj CVs, we introduce a

different continuity assumption.

Assumption S-BA-PI. (i) a: Hy — [§, — 0] is a continuous function.

(ii) POWy = ¢5_,_ps(a, B,h)) =0 for all h € H.

(i11) P(W,, > SuPheIﬁ(E)NCh(l —a(h2))) <« for all h € H and there is some h* € H such
that P(W > ¢34 pr(a, b)) = a.
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The second statement of part (iii) is not required for the asymptotic size to be bounded
above by «; it is only used to show that the lower bound is also equal to «. As before,
part (i) holds if W), — cg_a_pis(a, h) is a continuous random variable, as is typical. Parts
(i) and (iii) will hold if a(-) is constructed appropriately. In practice, for a single given
testing problem, one does not need to determine the entire function a(-) since it will only
be evaluated at a single point, 4, 2. Supposing a(9,2) comes from evaluating a function
satisfying Assumption S-BA-PI provides one with the asymptotic theoretical justification
needed for correct asymptotic size and is consistent with practical implementation. For a
given testing problem, practical determination of a(-) that is consistent with part (iii) and

yields the highest power proceeds by finding the largest @ € [0, « — 6] such that

sup P<W(h1m§,2) > Sup (1 —a)) < a. (6)
hi€Hy hels((h1,in,2))
Corollary S-BA-PI1. Under Assumptions D, S-B.1, S-B.3, S-B.4, PI, S-BM.1 and S-BA-
PI

Y

AsySz(6y, ¢34 pr(a, B, an)) = qa.

The choice of £ allows the practitioner the flexibility to direct power toward regions of
the localization parameter space H. One heuristic way to direct power toward a given h
(e.g., identification strength) is to use the PI S-Bonf-Adj CV with the § that minimizes the
distance between ¢,(1 — &) and ¢5,_,_p; (o, 8, k) (assuming E[hy] &~ h). This will yield a S-
Bonf-Adj CV that is “close” to the true localized quantile evaluated at h with high probability
under drifting sequences {7, }. More generally, one may choose 5 to direct power towards
regions of H according to a weighting scheme in analogy to maximizing weighted average

power. For example, let Fly be a probability measure with support on H. One could select
B to minimize [ |cp(1 —a) — ¢ 4_ps(a, B, h)|dFyu(h).0

3.3 S-Bonf-Min Robust Critical Values

Though 8 can be chosen to direct power in the construction of the S-Bonf-Adj CVs, different
choices of (3 trade off power over different regions of the parameter space. (This is also true
of ¢ in the S-Bonf CV.) Depending upon the choice of 3, the S-Bonf-Adj CVs can lack power
over large portions of the parameter space. In order to overcome this obstacle and produce

tests that can simultaneously direct power while maintaining high power over most of the

6Recalling Jensen’s inequality, one may prefer to choose 3 to minimize |cj, (1 — @) — Ele$_ 4_p;(a, 8, 1)
or [len(l =) = Ele}_a_py(a, B, h)]|dFp (h).
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parameter space, we introduce the following CV that minimizes over a set of S-Bonf and
S-Bonf-Adj CVs:

~ ~

C%M(a) hn) = cmin—B(a; hn) + A,
where

~

i) =it {c5a(0 i) ale ), _intcBlabi) |

and A = supy,cy A(h) with A(h) > 0 solving
P(Wh > CminfB(CY??L) + A(h)) =

or A(h) =0 if P(Wj, > Camin_plo, h)) < a.

Here we refer to the input S-Bonf-Adj CVs ¢5_,(a, Bi, hy) as the “anchors” and the
corresponding values in the parameter space H for which the §; are chosen to direct power
toward as the “anchor points”. Though computation of c¢3,, is more expensive than that
of ¢3_,4, the anchors allow one to direct power while the minimum over S-Bonf-Min CVs
component allows the test to achieve relatively high power over the entire parameter space H.
The former is achieved by bringing the value of ¢, p_a(a, fzn) “close” to that of ¢;(1 — «)
with high probability at the anchor points. The latter is achieved by enabling ¢,in—p—a(c, h)
to (conservatively) mimic the behavior of ¢,(1 — «) over the entire parameter space H. A
simple choice of anchor is the LF CV.

The size-correction factor (SCF) A automatically adapts to the user’s choices of confi-
dence set correspondence I5(-), localization parameter estimate Bn and the parameters 6, 0
and [, ..., 3, since it is constructed so that the test has correct asymptotic size under H, for
the given choice of these objects. Given the conservativeness already built into the Bonferroni
approach, A will typically be quite small when the number of anchors is small, often being
numerically indistinguishable from zero, so that ¢5,, (v, hy) < ¢5(av, Bi, hn), ¢ (c, 8, by, for
§€[d,a—d]and i =1,...,r, resulting in tests with higher power. In fact, in many contexts,
simply setting A = 0 will result in a test without perfect (asymptotic) size control, but very
little size distortion and necessarily higher power. For some testing problems, size-control
can be attained with A set exactly equal to zero. See Corollary SCF in Appendix III for a
sufficient condition for this to occur.

Inherent in the construction of ¢5,,(a, hy,) are the parameters § and ¢. It should be em-
phasized that these parameters are not tuning parameters. They serve the role of restricting

the localized quantile function ¢, () and the confidence set I,_s to regions of continuity (see
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the discussion following Assumptions S-BM.1 and S-BM.2). Given that the aim of using
S-Bonf-Min CVs is to maximize power, the minimization space [, — ¢] should be set as
large as possible in order to obtain the smallest CV. This means that § and § should be
set close to zero while satisfying Assumptions S-BM.1 and S-BM.2. Beyond computational
complexity, there is a tradeoff involved in using too many anchor points (large r): the more
anchor points one uses, the larger the size-correction factor A will be. This will lower power
in portions of the parameter space that are far from the anchor points.

It is worth pointing out here the similarities that the use of S-Bonf-Min CVs shares with
existing methods. In the specific contexts of inference in moment inequality models and
inference robust to identification strength, Andrews and Soares (2010), Andrews and Barwick
(2011) and Andrews and Cheng (2012) also use CVs that are functions of an inconsistent
estimator of the localization parameter. Some of the size-correction techniques in these
papers use a binary decision rule that uses as CV the localized quantile with |h;| = oo
once |hy 1| crosses a sample-size dependent threshold and cpp(a) otherwise. In contrast,
the S-Bonf-Min CVs confine the range of h used to construct the test statistic to Ia,g(ﬁn)
and subsequently search for the smallest of these among admissible ¢ values (and anchors),
without requiring an ad hoc threshold specification. In some sense this can be thought of
as a “smoothed” version of these authors” methods. Cheng (2008) and Kabaila (1998) also
employ CV selection methods based on binary decision rules for inference in the specific
contexts of a weakly identified nonlinear regression model and conservative model selection.

Perhaps the most similar methodologies to those using S-Bonf-Min CVs are those that use
a “transition function” to smooth between the LF CV and the one that obtains under infinite
values of the localization parameter in a manner that depends upon an inconsistent estimate
of the localization parameter. These methods are advocated in specific contexts by Andrews
and Soares (2010) and Andrews and Barwick (2011) (using certain choices of their “i”
function) and Andrews and Cheng (2012) (their type 2 robust CV). The transition function
methods of Andrews and Barwick (2011) and Andrews and Cheng (2012) also necessitate the
use of SCFs similar to A in the definition of ¢%,,. In contrast to these methods, the S-Bonf-
Min CVs do not require an ad hoc choice of transition function. Rather, they adaptively use
the full localized quantile function (rather than two points of it) and the data to “choose”
which points along the localized quantile curves are relevant to the finite-sample testing
problem at hand. This allows c3,,(c, -) to closely mimic the true (1 — )™ localized quantile
function. See Section 4.1 and Figures 1-2 for illustrations. This leads to asymptotic NRPs

that are close to the asymptotic size of the test over wide ranges of h so that the tests are
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nearly similar and consequently attain high power.
To show that tests utilizing ¢5,, (v, h,,) have correct (non-conservative) asymptotic size,

we strengthen Assumption S-B.3 as follows.

Assumption S-BM.2. Consider some fived o € (0,1) and some pair (§,0) € [0, — 6] x
[0, — 9].

(i) Assumption S-B.3 holds for all 8 € [§,a — §].

(ii) 15(h) is continuous in 3 over [8,a — 8] for allbh € H.

The quantity 0 serves as a lower bound and a — § serves as an upper bound on the
points § for which the correspondence I3(h) must be continuous. In many applications, the
confidence set I3 corresponds to a confidence set for a normal random variable. Hence, in
order to satisfy Assumption S-B.3, we would need Iy(x) = H. However, this will typically
involve a discontinuity of I5(h) at 5 = 0 so that we must bound /5 from below by some value
§ greater than zero.

To show correct asymptotic size of tests using the S-Bonf-Min CVs, we introduce a new

continuity assumption similar to S-BA.

Assumption S-BM.3. (i) P(W}, = ¢$,, (o, h)) =0 for all h € H.
(i) P(Wpyx > ch(a,iZ*)) = « for some h* € H.

Similar comments to those following Assumption S-BA apply here. We provide an easy-

to-verify sufficient condition for part (ii) to hold in Proposition S-BM of Appendix III.

Theorem S-BM. Under Assumptions D, S-B.1, S-B.2(i) evaluated at the 6; = &; that
corresponds to 3;, S-B.3 evaluated at B;, S-B.4 and S-BM.1 through S-BM.3 fori=1,...,r,

AsySz(6o, char(a, ha)) =

Depending upon the values of §, 6 and f3; for i = 1,...,r used in the construction of
3 (@, hy), some of the assumptions imposed in Theorem S-BM may be redundant. For
example, Assumption S-B.2(i) evaluated at §; = a; for i = 1,...,r is implied by Assumption
S-BM.1if a; € [0, — 8] for all i = 1,...,7. Similarly, Assumption S-B.3 evaluated at f3; for
i=1,...,r is implied by Assumption S-BM.2 if 3; € [§,a — §] forall i = 1,...,7.

As with all of the CVs examined in this paper, if a consistent estimator of 75 is available,

we may further improve power by using a PI version of the S-Bonf-Min CV:

~ ~

C%prl(ay hy) = Cmin—p—pr1(c, hn) + 1(Fn.2),
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where

~

Cmin—B—p1(c, hy) = min {CBAPI(O‘a B, }Aln)y ..ycp_a—pi(a, By, iln): 56[53},15—5771] C%—Pf(a7 9, ﬁn)}
and n : Hy — R. Note that, foreachi = 1, ..., r in the construction of anchors cp_a_ps(a, 5;, Bn),
a different level-adjustment function a; : Hy — [6;, @ — &) C [a — 35, @] may be used. Apart
from using a PI estimator in the minimum-of-Bonferroni approach, the magnitude of the CV
is further reduced and the power of the test is further increased by the use of a SCF that
depends upon the PI estimator. This SCF function, satisfying the following assumption, is
often numerically indistinguishable from zero in applications, making its practical relevance
minimal as simply using ¢im—5—pr(@, iLn) often leads to minimal size-distortion. This again
results from the conservativeness inherent in the Bonferroni approach. Similarly to the anal-
ogous SCF function used by Andrews and Barwick (2011), in order to maximize power one

should select the smallest SCF function that satisfies the following assumption.

Assumption S-BM-PI. (i) n: Hy — R is a continuous function.

(ii) P(Wy, = cmin—p—pi(a,h) +n(hs)) =0 for all h € H.

(iii) P(Wy, > Cmin—p—p1(a, h) +n(hs)) < o for all h € H and there is some h* € H such
that P(Wi > ¢S, pi(a, h%)) = .

Part (i) is analogous to Assumption 11 and parts (ii) and (iii) are analogous to Assump-
tion 13 of Andrews and Barwick (2011). As with the other PI CVs introduced in this paper,
the SCF function 7 and level-adjustment functions a; only need to be computed at the single
value of hy = 4,2 in practice. Similar comments to those following Assumption S-BA-PI
apply.

We may now present the result establishing the correct asymptotic size of tests utilizing
this PI CV.

Corollary S-BM-PI. Under Assumptions D, PI, S-B.1, S-B.3 evaluated at (3;, S-B.4, PI,
S-BA-PI(i) and (iii) evaluated at [3; and corresponding a;(-), S-BM.1 and S-BM.2 evaluated
at pairs (8™, 0™) and (3;,6;) and S-BM-PI fori=1,...,r,

~

AsySz(0o, iy pr(a, hy)) = .

Depending upon the values of (6™,6™), (8;,0;) and 3; for i = 1,...,r used in the con-
struction of cprr—a_pr(a, Bn), (part of) Assumption S-B.3 evaluated at g; fori = 1,...,r

may be redundant. For example, it is implied by Assumption S-BM.2 evaluated at pairs
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(6™, 6™) and (8;,0;) fori =1,...,rif B; € U;Zl[éj,gj] U 8™, o™ fori =1,...,r. It is also
worth noting that the full force of Assumption S-BA-PI(iii) is not necessary for the result
of Corollary S-BM-A-PI to hold. The assumption is imposed as a guide for the anchoring
procedure to direct power appropriately. As was the case for the SCF A above, the addi-
tion of 1(%,2) is not always necessary to obtain correct asymptotic size. Corollary SCF in

Appendix III provides a precise condition under which it may be dispensed with.

3.4 M-Bonf Robust Critical Values

The S-Bonf robust CVs that apply to problems with a SLLD can be adapted to handle
those with MLLDs. In order to do this we need a method to choose which localized limit
distribution J,(ll) or J,gz) to construct the CVs from. For this, we utilize an estimator of
C({n.r}) that tells us with increasing precision which region of H; that (({7,x}) lies within.
Construction of this estimator can be deduced from the form of 7, 51/k,. In applications,
f is typically equal to n’rﬁn,l scaled by k! since v, 51 ~ n"hy and (({Vun}) = Yon1/kn.
The M-Bonf CV for the MLLDs framework is thus defined as follows:

cg)(a, 0, ﬁn), ife K
e (a6, Bn) = cg)(a, 0, ﬁn), if é el

maX{cg)(aﬁ, ﬁn),cg)(a, ), iLn)}, if (e KenLe,

where

cg)(a, 5, hy) =  sup cr(f)(l —0)+¢&;
D€Lo—s(hn)

for i = 1,2, K C int(K) is closed and L C int(L) is closed. Asymptotic power is highest
for sets K and L that are very “close” to K and L. This makes the region using the most
conservative CV in the construction, KN L, relatively small. Similarly, ¢; for i = 1,2 should
be chosen to be the smallest feasible value that satisfies Assumption M-B.2(ii) in order to
maximize power

Unlike existing approaches, adapting the Bonferroni approach to the MLLDs framework
allows one to size correct the CVs that pertain to the typical type of testing problem that
falls into this framework without killing the power of the test. This type of problem entails
(at least) one of the localized distribution quantiles being equal to co for some h € H so that
approaches putting positive weight on LF CVs (such as those of AG, Andrews and Soares,
2010, Andrews and Cheng, 2012 and Andrews and Barwick, 2011) will lead to infinite CVs

and zero power over much or all of the parameter space.
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We now impose additional assumptions under which tests utilizing M-Bonf CVs have

correct asymptotic size. Some of these are obvious counterparts to those imposed for S-Bonf
CVs.

Assumption M-B.3. Consider some fized § € [0,1]. Under Hy and when the drifting
sequence of parameters {yn,n} characterizes the true DGP for any fived h € H, there exists
an estimator fln taking values in some space H and a (nonrandom) continuous, compact-

valued correspondence I : H = H such that B N 7L, a random vector taking values in H

~ ~ ~

for which P(h € Is(h)) > 1— 8 and I5(h,), Is(h) C H wp 1.

~ ~

The condition that I5(h,), Is(h) C H wp 1 if h € H is not restrictive and can be ensured
by the proper construction of the confidence set for h. In the typical application, it states
that if the entries of h are finite, the confidence set for h does not include infinite values.

Similar remarks to those following Assumption S-B.3 apply here as well.

Assumption M-B.4. Under Hy and when the drifting sequence of parameters {y,n} char-
acterizes the true DGP for any h € H,
(i) if C{ma}) € K, (TulBo), i) ~= (Wi 1)
.. . A d ~
(ii) if ({un}) € L. (TulBo). h) == (W, ).
Joint convergence does not need to be established for (({y,x}) € L°N K¢ Similar

remarks to those following Assumption S-B.4 apply here as well.

Assumption M-B.5. f NN C{Vnnr}) under Hy and the drifting sequence of parameters

{’Yn,h}'

Under Assumption M-B.5, the estimator é yields the decision rule that “chooses” which
Bonferroni CV is applicable under any given sequence {7, ,} as the sample size increases.
Recall that é is typically equal to k,; 1n_rﬁn71. Furthermore, iLnJ is typically asymptotically
centered about h; under Hy so that for finite hy, fzml = hy + Opy(1) = n"ypn1 + O,(1) and
since typically k,n" — oo,

~

C=ky (W Y1+ Op(1) =k ymna + 0p(1) = C({7mn}) + 0p(1)-

This why (({Vnr}) consistently estimable even though h; is not.
As in the SLLD case, we can use a consistent estimator of 7, to increase the power of tests
using M-Bonf robust CVs. Define the PI M-Bonf CV ¢¥_,,(a, 8, h,,) the same as ¢ (a, 8, hy,)
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but with I, 5(h ) {An2,j—p} for j = p+1 ..,p+q. Fori = 1,2, also define cg)_P](a, 8, hn)
identically to cB (oz,é,h ) but with Io_5(hy); = {An2jp} for j=p+1,....p+q¢.

To conserve space, we relegate and additional high-level assumption used to provide an
upper bound on the NRP under drifting sequences of parameters for which h € H¢ and
assumptions used to establish a lower bound on the size of a test using M-Bonf and PI
M-Bonf CVs to Appendix III. We furthermore refer the reader to Lemmas M-B and M-B-PI

in Appendix I for the formal statements and proofs that
AsySz(, e (a, 8, hy,)), AsySz(0o, cy_pr(a, 8, hy)) < @

under appropriate conditions, as well as a brief discussion of a sufficient condition.

The size-corrected CVs ¢ (a8, hy) and ¢ (e, 8, h,) simultaneously accommodate
problems of non-uniformity in the point-wise asymptotics of the distribution of the test
statistic (Assumption D), localized null limit distributions that depend on the localization
parameter discontinuously (Assumption M-B.1), localized null limit distributions that are
discontinuous (Assumption M-B.2(ii)) and localized null limit distributions that “escape” to
+oo (Assumption M-B.6 in Appendix III).

3.5 M-Bonf-Adj Robust Critical Values

Like their S-Bonf counterparts, the M-Bonf CVs may lead to conservative testing in a uniform
sense and can be level-adjusted to improve power. Specifically, define the M-Bonf-Adj CV,
Y A( .3, hy), identically to the M-Bonf CV but replace “cg) (a, 8, hy)” in the definition with
“cB_A(a,(S, h,)” for i = 1,2, where § € [0, 1],

cB 4, B, hy) = sup céi)(l—o_z(i))
helﬂ(hn)

and @ = inf, .z o (h) with oY (h) € [0, a] solving
P(W() > sup c,())(l —a¥(h))) =«
bEls(h)
or a(h) = aif P(W}Ei) > SUPyer. i) cgl)(l —a)) <afori=1,2.

Analogous to the S-Bonf-Adj CV case, we can use a PI version of the M-Bonf-Adj CV
to improve power when a consistent estimator of s is available. Define the PI M-Bonf-Adj
CV, M, 5/(a, B, hy), identically to the PI M-Bonf CV but replace “cg) pr(@, 8, hy)” with
“csg)A pr(, 8, hy) for i = 1,2, where 5 € [0,1], Is(hy); = {fn2jp} for j =p+1,...,p+q,

Cg)_A—PI(Oéaﬁa hn,) = sup Cé)(l - a(i)(%w»
hEIB(hn)
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and @ : Hy — 0%, a — 6@)] for i = 1,2.

Also in analogy with the S-Bonf-Adj CV, computation of ¢, (a, a—9, iLn) (¥ prla,a—
8, hy)) is costlier than that of ¢ (a, 8, k) (M ., (cv, 8, hy)) but results in tests with higher
power. As is the case for (PI) S-Bonf-Adj CVs, the choice of 5 in the construction of the
(PI) M-Bonf-Adj CVs provides the practitioner with the ability to direct the power of the
resulting tests toward different regions of H. Straightforward generalization allows for dif-
ferent 5’s to be chosen to correspond to the different localized limit distributions used in
the construction of the CVs, further enhancing this flexibility. The formal statements of the

conditions under which

AsySZ(QO, C%*A (Oé, ﬁ? }Aln))7 ASYSZ(GO, C]ngfPI (Oé, 67 }Aln)) -

may be found in Corollaries M-BA and M-BA-PI located in Appendix III. Additional as-

sumptions imposed in these corollaries may also be found there.

3.6 M-Bonf-Min Robust Critical Values

As is the case for S-Bonf and S-Bonf-Adj CVs in the SLLD framework, the M-Bonf and
M-Bonf-Adj CVs can be appropriately minimized to maintain high power over most of the
parameter space while retaining correct asymptotic size and directing power. For this, con-
sider the Bonf-Min CVs adapted to the MLLDs framework:

57112n B(aaltln)—i_Ala 1f§€ K
C]\B/[M(O@ iLﬂ) = ngn B( iln) + AQa 1fé S I/

max{c") (o, h,) + A1 e (o hy) + Ay}, if (e Ken e,

where for 1 =1, 2,

e o hy) = min{ ¢ (o B b, e 4o B ), inf (0,6, hy) b
5e[6 ,a—5()

and A; = supcg Ai(h) with A;(h) > 0 solving P(VV(Z > cfn)m B(Oz,}i) + Ay(h)) = a or
Ay(h) = 0 if P > 9 (a,h) + Ay(h)) < a for h € H. Aside from a couple of
generalizing adjustments, ¢, (a, h,) is essentially a version of ¢5,,(a, h,) that is selected
by f . Hence, very similar comments to those made about ¢3,,(a, an) and the objects used
in its construction apply for ¢, (a, h,) (see Section 3.3). We also impose some analogous

assumptions to those used in the SLLD framework.
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Assumption M-BM.2. Consider some fired o € (0,1) and some pairs ((j(i), 6D e[0,a —
00 x [0,a — 89 fori=1,2.

(i) Assumption M-B.3 holds for all 8 € [0V, o — sV U [6®, a — ).

(ii) 15(h) is continuous in B over [§),a —dD] U [6®@, a — @] for all h € H.

Analogous comments to those following Assumption S-BM.2 apply here.

Assumption M-BM.3. (i) P(W,&i) = cii)m_B(a,ﬁ) +A)) =0 forallh € H and i =1,2.

(it) Either (a) there is some h*M) € H and {~, -0} C T with ({7, -00}) € int(K) such
that iminf,, o Ppyy ) (Tn(60) > W) (a,hn) + A1) = a or (b) there is some h*@ e

min—B

H and {7, -2} C T with ({7, 5 }) € int(L) such that iminfy, o0 Pyyy o (Tn(6o) >
2 (o, hy) + D) = a.

min—B

Similar comments to those following Assumption S-BM.3 apply here as well. Part (ii) is
not required for the asymptotic size to be bounded above by «; it is only used to show that
the lower bound is also equal to «. Proposition M-BM in Appendix III contains a sufficient

condition for part (ii) to hold.

Assumption M-BM.4. Consider some fized o € (0,1) and some pairs (67,60) € [0, a —
00 x [0,a — 8D] fori =1,2. Consider any h € H.
(i) For any finite n and i = 1,2, P907%7h(]cf;)in73(a, hn) + Ai| < 00) = 1.
(i) If C({nn}) € K, then limsup,, . Py, (T0n(00) > cgzn_B(a, ha) + Ay) < o If
C({Vnn}) € L, then limsup,,_,, P, , (Tn(to) > cggn_B(a, ha) 4+ Ay) < a.
(111) If C({ynn}) € L° N K, there are some {%(11,)1}, {"?7(12%} C I' such that C({%(Il,)z}) e K
and C({A)}) € L and
ot om0 (3,0)
T s (1)

(Z)h)) denotes the estimator of Assumption B.3 when

wp 1 fori = 1,2, where hy(ynn) (ha(7

n,

Hy and the drifting sequence of parameters {v,n} ({%(f)h}) characterize the true DGP.

Assumption M-BM.4 consists of high-level conditions that are not difficult to verify in
the typical application. It is used to ensure an upper bound on the NRP under drifting
sequences of parameters for which h € H¢, that is, cases for which entries of h; are infinite.
By properly constructing the confidence set I, s(-), part (i) can be shown to hold since
in applications h,, has finite entries in finite samples and the localized quantiles are finite

for h € H. Part (ii) must be verified directly. In the applications we have encountered,
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this is not difficult since the M-Bonf-Min CVs have closed-form solutions. In applications,
the sequences {%(Ll)h} in part (iii) can be obtained by simply scaling {7, ,} appropriately
for ¢ = 1,2. The probability limit condition is typically not difficult to verify because the
CVs have closed form solutions and/or they are invariant to differences in drifting sequences
with the same localization parameter (leading to a ratio of exactly one in the limit). See
the verification of the similar assumption, Assumption M-BM-PI.2 for the consistent model
selection example in Appendix II for illustrative details.

We may now establish the correct size of tests using M-Bonf-Min CVs.

Theorem M-BM. Under Assumptions D and M-B.1, M-B.2(i) evaluated at 61-(1) = a

corresponding to [3; and cg) and (52-(2) = 072(2) corresponding to B; and cf), either (a) M-B.3

evaluated at B; or (b) cg)_A(oz, Bi, h) is invariant to h for j = 1,2, M-B.4, M-B.5 and M-BM.1
through M-BM.4 fori=1,...,r,

AsyS2(B, s (0, ) = @

A similar sufficient condition to the one discussed following Lemma M-B in Appendix I
applies here as well.
We at last consider the PI version of the M-Bonf-Min robust CVs to further increase

power while retaining correct asymptotic size in this context:

>

A o ) M (Bn), itl e K

) (e h) + (), itCel

maX{C%n—B—Pl(O‘a ﬁn) +m (%,2)7 ngn—B—Pl(O‘a iLn) +1m2(Fn2) ), if é e KN [_/c’

~

C%/[M—PI(O" h)

where

Cfv?infoPI(OQ hy) = min {Cg)API(O‘a By b)), - ?Cg)fAfPI(O“ Bry ), 56[5(})nf 501 Cg)fPI(Oéﬁ 0, hn)} )
and n; : Hy — R for i = 1,2. Analogous remarks to those made about ¢, p;(a, hy) apply.
We now adapt some of the previous assumptions to the present framework and establish the

correct asymptotic size of tests using this PI CV.

Assumption M-BM-PI.1. (i) n; : Hy — R is a continuous function fori =1,2.
(ii) P(W,Ef? = c;gn_B_Pl(a,@ +0i(ha)) =0 for all h € H and i = 1,2.
(111) P(W,EZ) > Crmin—p_pr(a, h) +n;(he)) < o for allh € H and i = 1,2.
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(iv) Either (a) there is some h*Y) € H and {~, -0} C T with ({7, 5= }) € int(K) such
that liminf, o Py ) (Tn(bo) > A (@ hy) 4+ 1 (Bns)) = a or (b) there is some

W@ e H and {7, j»» } C T with ({7, 5> }) € int(L) such that liminf,_, Py, - o (Tn(0) >

2 - .
C£m)‘n—B—PI(O‘a hn) 4+ 02(Gn2)) = a.

Parts (i)-(iii) are the MLLDs counterparts to Assumption S-BM-PI(i)-(iii) and thus may
be considered analogously. As in the case of Assumption M-BM.3(ii), we can provide a
sufficient condition for part (iv) to hold that may be easier to verify. See Proposition M-
BM-PI in Appendix III for details.

Assumption M-BM-PIL.2. Consider some fized o € (0,1) and some pairs (67,6%)) e
0,00 = 6D] x [0, 0 — 6] for i =1,2. Consider any h € He.

(i) For any finite n and i = 1,2, Pgo%yh(|cfi)m_B_Pl(a, hy)| < c0) = 1.

(i) If C({mn}) € K, then limsup,,_,oc Payr, (Tu(00) > i) 5 pr(ey hn) +11(3n2)) < a.
If C({nn}) € L, then limsup,_,. Py, (Tu(00) > 20 o il hy) +12(3m2)) < .

(111) If C({ynn}) € L° N K, there are some {751%},{%22,)1} C I' such that Q({%(lel}) e K
and C({7)}) € L and

C’E:L)in—B—PI( hy, (77(:}1))

n—00 " (4)

. <1
Conin—p—pr(Q; I (’Yn h))

plim

wp 1 fori =1,2, where hy(Ynp) (hn (%(Lh)) denotes the estimator of Assumption B.3 when
Hy and the drifting sequence of parameters {~,n} ({ynh}) characterize the true DGP.

This assumption is the direct adaption of Assumption M-BM.4 to the PI version of the
M-Bonf-Min CVs. We may now establish the correct asymptotic size of the PI test.

Corollary M-BM-PI. Under Assumptions D, PI, M-B.1, either (a) M-B.3 evaluated at
Bi or (b) cg)_A(a,ﬁi,h) is invariant to hy for j = 1,2 cmd i =1,...,r, M-B.4, M-B.5,
M-BA-PI(i) and (iii) evaluated at B; and corresponding a (), 2)() M-BM.1, M-BM.2,
M-BM-PI.1 and M-BM-PI.2,

ASYSZ(Q(), C%prl(aa hn)) el

Assumption M-BA-PI is given in Appendix III. A straightforward adaptation of the
sufficiency conditions provided in Corollary SCF (in Appendix III) to the MLLDs context
characterizes a class of problems for which setting A; (7;(4n.2)) to zero for i = 1 and/or 2

yields a test with correct asymptotic size.
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4 Testing After Conservative Model Selection

We now illustrate a way to construct the objects used in ¢3,, p;(a, ﬁn) for the hypothesis
testing problem after conservative model selection introduced in Section 2.1.1. We also show
how the remainder of the assumptions imposed in Corollary S-BM-PI are satisfied for this
problem, enabling us to use a PI S-Bonf-Min CV to conduct a test with correct asymptotic
size.

First, define h,, = (ﬁnvl, An,2), Where

7 \/552 : P / -1 /
hp1 = th By = (X5 Mx X5) " X3 ' Mx: (Y — X760
1T (X Mg X3) Ba = (X5 Mi; X5) 7 X5 Mgy ( 100)
(52 is the restricted least squares estimator of (s, imposing Hy) and 4,2 can be defined as
in AG as

—n~! Z?:l T1iT24
(O D x%i)lﬂ
with {(z15,22;)} being the residuals from the regressions of % on z3; for j = 1,2.7 Second,
let H = H and define the correspondence I3 : H = H as follows:

Tn2 =

(hlu 52)7 if by = +oo

([61 + /1 —b32e, b1 + /1 — b3z1_p4¢), o), if by € R,

where £ = £(B) € (0, ) is a continuous function of 5, h; € Hy, ha € Hy and 2, denotes the

bt" quantile of the standard normal distribution.® The function £(/3) can be chosen to direct

Ig(h) =

power against certain regions of H; (at the expense of others). The agnostic, and perhaps
intuitive, choice of () would be simply £(8) = /2. This is not the only configuration of I
that will satisfy Assumption S-BM.2. For example, if the practitioner has a priori knowledge
on the sign that (5, takes, this can be incorporated into the analysis to improve power (see
the next example).

With these definitions in hand, we may verify the remaining assumptions for some chosen
significance level o € (0,1). To see the proofs that Assumptions S-BM.2 and S-B.4 are
satisfied for § that can be set arbitrarily close, but not equal to zero, check Appendix II.
A byproduct of these proofs is that Assumption S-B.3 is also satisfied for any 5 € (0,1).

"This is clearly not the only construction of h.,, that satisfies the relevant assumptions.
8In this and the following examples, I5(h) is defined at infinite values of h; for theoretical completeness

only. For the estimator h,, we consider, it is in fact not possible to have \izn1| = oo with positive probability
for any finite n.
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Assumption PI follows from the the weak law of large numbers for L!T¢-bounded independent
random variables. Now, the fact that under Hy and when the drifting sequence {, 5} with
|h1| < oo characterizes the true DGP,

T,1(600) ) —hiha(1 — R2)~1/2 1 —ha(1 = hD)Y2 0
- 5 N hy ;| —ho(1 — R2)12 1 — h2 1 — h3
Tho hy 0 1 — h3 1

T,..1(60) 0 10 ho
hop | S N |, | 0o 1-h2 1-R2 (7)
T hy hy 1—h3 1

(see Appendix II) makes it straightforward to calculate functions a;(-) and 7(-) satisfying
Assumptions S-BA-PI(i)+(iii) and S-BM-PI via computer simulation.

For example, working with the parameter space with Hy = [—0.99,0.99] (limiting the
absolute maximum asymptotic correlation between OLS estimators to 0.99) and setting
a = 0.05, ™ = 6™ = 0.005, ¢ = 1.96 (standard pretesting), £(8) = 3/2, 7 = 1 and 3; = 0,
a1(-) = a, which clearly satisfies Assumption S-BA-PI(i) for §; = 0. Furthermore,

P(Wy, > sup cy(1 —ai(he))) = P(W, > sup ¢, p)(l —a)) <«
helo(h) b1 Hy

for all h € H and there is some h* € H such that P(Wj- > supy, cp, C(py,n0)(1 — @) = a, by
the continuity properties of W}, and ¢, (1—«) discussed in Section 2.1.1, so that Assumption S-
BA-PI(iii) is satisfied for 8; = 0 and a@;(-) = «. Finally, a function 7(-) satisfying Assumption
S-BM-PI for this choice of anchor is simply given by n(-) = 0. Clearly 7(-) is continuous
over Hy so that Assumption S-BM-PI(i) is satisfied. Examination of the random variables
W, and h and their distribution functions reveals that Wi — emin—p—p1(a, E) is an absolutely
continuous random variable so that Assumption S-BM-PI(ii) is satisfied. The function 7(-)
was constructed so that Assumption B3-PI(iii) holds and ~A* can be set to (7.3,0), for example.

Alternatively, we can use the anchor to direct power toward a point in H. Using the
same values as above, but finding #; to minimize the distance between cp6(0.95) and
e a4 py(0.05,3,(0,0.6)) (in order to direct power toward h = (0,0.6)), we find 5, = 0.89

with corresponding

ay(z) = 0.035- 1(0.99 > |z| > 0.91) + (0.49 — 0.5|z])1(0.91 > |z| > 0.9)
+0.04-1(0.9 > |z| > 0.61) + (0.345 — 0.5]z[)1(0.61 > |2| > 0.6)
+0.045 - 1(0.6 > |2| > 0.21) + (0.15 — 0.5]z[)1(0.21 > |2| > 0.2)
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+0.051(0.2 > |z| > 0).

This function was constructed to satisfy Assumption S-BA-PI(i)+(iii) while remaining as
large as possible. Finally, a very small n function satisfying Assumption S-BM-PI for this

choice of anchor is given by

n(z) = (0.61 — |2)1(0.61 > |z| > 0.58) + 0.03 - 1(0.58 > || > 0.57)
+ (|| — 0.54)1(0.57 > |z| > 0.55) + 0.01 - 1(0.55 > || > 0.48)
+ (|2 — 0.47)1(0.48 > |z| > 0.47).

Assumption S-BM-PI holds for identical reasons to those given for the case of 5; = 0 above.
Here, h* can be set to (2.45,0.6), for example.

Note that, for either choice of anchor, 7(-) is either numerically indistinguishable from
Z€T0 OF SUp.,,cr, 7(72) = 0.03.7 At the same time, cpin—p—pr(c, h) ranges from about 2 to 23.7
so that, even when it is not equal to zero, the SCF is numerically dwarfed by ¢in—p_pr(a, h).
In fact, upon artificially setting n(-) = 0 for the 8; = 0.89 choice of anchor, the asymptotic

size of the test is 5.1%, entailing minimal size distortion.

4.1 Critical Value Graphs: An Illustration

As an illustration of how the Bonf-Min CVs operate, we graph c3,, p;(c,-) for the two
different anchor choices corresponding to f; = 0 and ; = 0.89, discussed above. In the
construction of the graphs, a, §™, ™, ¢, £(B), ai(-) and 7(-) were set to the same values
as above. Figure 1 graphs four CV functions for hy = 0.9 as a function of hy € Hi: the
true localized CV function (c3), the PI LF CV (cpp_pr) , the PI S-Bonf-Min CV function
(B py) using the PI LF CV as its anchor (8; = 0) and the PI S-Bonf-Min CV function
using ¢ 4 p;(0.05,0.89, k) as its anchor. We examine the two different PI S-Bonf-Min
CVs to compare the differences that the choice of anchor makes in the construction of
the CVs. We can see that the PI S-Bonf-Min CV functions differentiate between different
regions of h;. Though both S-Bonf-Min CVs conservatively mimic the underlying localized
quantile function ¢, (1 — «), the CV using ¢ 4 p;(0.05,0.89, k) as its anchor appears to
more closely track it than does that using cpp_p;(0.05, hy). For all but a small portion of

the parameter space Hy, the CV using ¢, p5;(0.05,0.89, h) as its anchor also lies below that

9Strictly speaking, for either choice of anchor, 7(y2) > 0 for all 45 # 0 in this problem. However, for
practical purposes, for values of 7(-) less than 0.005, numerical approximation error dominates any miniscule
size distortion that may arise from setting 7(-) exactly equal to zero.
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using crr_pr(0.05, hy) so that we can expect tests using the former to tend to have higher
power than tests using the latter. Both the S-Bonf-Min CVs lie above the true localized
quantile function in order to account for the asymptotic uncertainty in estimating h;. At
their peaks, the S-Bonf-Min CVs are either slightly larger or no larger than the PI LF CV,
entailing corresponding tests with very minimal power loss over any portion of the parameter
space. When h; falls outside of the range of roughly [—6, 6], the PI S-Bonf-Min CVs collapse
to approximate the standard normal asymptotic CV while the PI LF CV is constant and
very high for all values of h;. This enables tests using the PI S-Bonf-Min CVs to obtain
substantially higher power when iLm lies outside of this range. This is also the case for large
portions within [—6,6]. Taking these facts together, we can expect large power gains and
minimal power loss from using S-Bonf-Min CVs. We can also see from this graph how the S-
Bonf-Min CVs smooth between their anchors and the standard normal CVs. In comparison,
a technique using a binary decision rule (in the spirit of e.g., Andrews and Soares, 2010 and
Andrews and Cheng, 2012) would choose the PI LF CV for ﬁn,l within some range and the
standard normal CV for iALn,l outside of this range, rather than adaptively using the data to
transition between them.

We also examine the above CV functions for hy = 0.6 to ascertain the generality of the
above statements. We again see that the S-Bonf-Min CV using ¢ 4 p;(0.05,0.89,h) as
its anchor is smaller than that using cpp_pr(0.05, he) over most of H; and that when hy
lies outside of a given range, the S-Bonf-Min CVs are substantially smaller than their LF
counterparts. We also again see the smoothing described above. The general features of
these two graphs are shared for all values of hy although the differences between the PI LF
and S-Bonf-Min CVs shrink as hy approaches zero (compare the vertical axes in Figures 1
and 2).

4.2 Finite Sample Properties

We now analyze how the S-Bonf-Min CVs examined throughout this section behave in a
realistic sample size. To this end, let us consider (an approximation to) the exact size and
power of the two-sided post-conservative model selection t-test using these PI S-Bonf-Min
CVs at a sample size of n = 120. The null hypothesis for the size analysis and the subsequent
power analysis (to follow) is Hy : @ = 0. Let us consider the simplest model for which only
the two regressors x] and z3 enter. In the formation of the CVs, we used the exact same
constructions as those used in the above CV graph illustration. In order to keep the scale of

the t-statistic similar across values of ,, we fixed the variance of the OLS estimators of 6 and
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B2 to unity. Additionally, we fixed 0 = 1 and used normally distributed data so that xj, and
o}, are normally distributed with mean zero, variance 1/(1—~2) and covariance —vyo /(1 —~3)
and g; is drawn from an independent standard normal distribution. For the size analysis,
we follow AG and, for a fixed value of v, report the maximum NRP over the parameter
space of I'y. We do this by examining the point-wise NRP of the test for a wide range of
values for (3, and take the maximum over (3, for each -, under study.!® The size values
correspond to a 5% nominal level and are computed from 10,000 Monte Carlo replications,
reported in Table 1. We examine the exact sizes of tests using ¢, 5,,(0.05, h,,) with anchor
crr—p1(0.05,4n), ¢ par(0.05, hy,) with anchor €5, p;(0.05,0.89, h,) and those using the
latter CV but ignoring the SCF function, that is using Cmin_B_P[(0.05,iLn)7 in order to
assess the practical importance of the SCF function.!* Table 1 indicates that in this finite-
sample scenario, t-tests using the first type of CV have excellent size properties, with a
maximal NRP of 0.052 over the entire grid of parameter values considered. Tests using
the CV with anchor ¢5,_,_,,(0.05,0.89, h,) exhibit a 3.6% size distortion. The practical
relevance of this size distortion may be questionable as it occurs at extreme values of the
correlation parameter, v = £0.99. If we were to restrict the correlation parameter space to,
say Hy = [—0.95,0.95], we would not see these size distortions. Moreover, they disappear
as the sample size grows: for n = 1200, the maximal NRP for || = 0.99 is equal to 4.8%.
It is quite interesting to note that ignoring the SCF (or artificially setting n(-) = 0) in this
problem does not introduce any additional size distortion.

Moving on to the property the new CVs are designed to enhance, we examine the power
of the two-sided post-conservative model selection t-testing procedure using c3,, p;(a, ﬁn)
with the two different anchors for various values of 35, 6 and ~, and compare it to the power
corresponding to cpp_pr(a, iLn) Figures 3-7 are the finite sample (n = 120) power curves
for these three testing procedures at a 5% level. Each graph is plotted against the range -5
to 5 for Py at various fixed values of v5 and 6 and based on 10,000 Monte Carlo replications
(examining a range of [y is the finite sample counterpart to examining a range of hy). Due
to the symmetry properties of the localized null limit distribution, results for —vy are quite
similar: the corresponding power graphs are a reflection of the graphs for 5 across By = 0.

The power graphs display some interesting features. First, the power of the tests using

S prla, h,) with either anchor is very good over most of the parameter space. The

10Specifically, we search over a grid of values for |3s] in the interval [0, 10] using step sizes .0025, .025, and
.25 on the intervals [0, 0.8], [0.8,3] and [3, 10], respectively. We also examine the value of |S2| = 999, 999
HNote that the SCF function for the CV with anchor ¢z p;(0.05, An,2) is already equal to zero.
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tests using ¢y, py(@, izn) achieve this, while retaining asymptotic validity, in part by using
standard normal CVs when 5 is “far enough” away from zero, which is determined by
fALn,l. This is a consequence of the minimum of Bonferroni CVs component of the S-Bonf-
Min CVs. Second, it is evident that the testing procedures using PI S-Bonf-Min CVs have
higher power than that using the PI LF procedure in all cases and often to a very large
extent. For example, Figure 7 shows a power difference of nearly 100% between the testing
procedures over almost the entire parameter space for 8,. For the S-Bonf-Min CV using
the ¢, p;(0.05,0.89, h,) anchor, although there is a small region of the parameter space
for which cpp_pr(a, hn) < ¢y, p;(@, hy), this region, and the difference between the CVs
within it, are so small that any power dominance by the use of ¢ p_pr(a, iLn) is indiscernible.
Third, the tests using S-Bonf-Min CVs tend to maintain power at or above the maximum
power of the tests using PI LF CVs over most of the parameter space of 5. Fourth, the
ranges in 5 of low power are very small for tests using S-Bonf-Min CVs, in contrast to those
using cpp_pr(a, ﬁn) Fifth, the “envelope” where the power of the three tests coincide tends
to be a very small portion of 35’s parameter space. Sixth, the differences in power values over
B for a particular test is increasing in 7,, as should be expected. This brings us to a related
feature: the differences in power between the testing procedures is larger for larger values
of 7. Finally, we can see that the S-Bonf-Min CV test using anchor ¢3_, p;(0.05,0.89, h)
has the best power performance. As displayed in Figures 1 and 2, this CV is not always
the smallest. However, the differences between the two S-Bonf-Min CVs at points for which
that using the cpp_pr(0.05, ﬁn) anchor is smaller, are so small that they have no perceptible

effect on power.

5 Hypothesis Testing when a Nuisance Parameter may be on a Boundary

In this section we show how to construct a PI S-Bonf-Min CV for the testing problem
introduced in Section 2.1.2, testing when a nuisance parameter may be on the boundary of
its parameter space. Our construction of the confidence set I3 is somewhat different in the
context of this problem than the previous. It is instructive to notice this difference as it
exemplifies the general feature that the confidence set Iz should be tailored to the testing
problem at hand and provides some guidance on how to construct this object in different
testing scenarios.

First, h,, = (nY2X,,9/6 0.9, n2), Where 4,5 = p,. Second, let H=TR, x 14+ w,1—uw]
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(note the difference with H in this context) and define I : H = H as follows:

([)17 h?)u if by = oo

I5(h) = I5(b1, ba2) = .
([max{0, b1 + z¢}, max{0, b1 + 21-p4¢}], b2), if by < o0,

using the same notation as in the previous example. As mentioned in the previous example,
& can be chosen to direct power against particular regions of the alternative hypothesis. Also,
in the context of this example, it makes sense to judiciously choose £. For example, Andrews
and Guggenberger (2010b) illustrate that when examining lower one-sided tests, the limit
of the test statistic W}, is stochastically decreasing (increasing) in h; for hy < 0 (he > 0).
When W), is stochastically decreasing (increasing), large (small) values of £ may increase the
power of the test as the search in h over the CVs of the test statistic will be limited to a set
corresponding to smaller values.

Assumption PI follows immediately from the consistency of p,,. Assumption S-B.4 follows
from the definition of T, (6y), the continuous mapping theorem and the facts that p, is
consistent and

n2X,1/601 \ 4 0
—

_ + Zh2
nY2X, /600 hy

by the central limit theorem. Fixing a significance level o € (0, 1), it can be shown that
Assumption S-B.3 is satisfied for any 5 € (0,1) and Assumption S-BM.2 is satisfied for & that
can be set arbitrarily close to zero (see Appendix II). For the sake of brevity, we omit the
details on appropriate a;(-) and 7(-) functions that satisfy Assumptions S-BA-PI(i)+(iii) and
S-BM-PI, simply noting that their general features are very similar to those in the previous

example.

6 Testing After Consistent Model Selection

In this section we show how to construct the objects used in ¢, 5, (v, ﬁn) as well as showing
how the remainder of the assumptions of Corollary M-BM-PI are satisfied in the hypothesis
testing after consistent model selection example introduced in Section 2.2.1.

First, let h, = (\/ﬁﬁgpn/a[g%n,%g), where 4,0 = (0gn, pn). Second, let H=H and,

using the same notation as in previous examples,

(h1,b2,1,b22), if h; = +0

]ﬁ(h> :]ﬁ(hlab%h?)) = .
([bl + |Pn|zg, b + |pn|Zl—B+§]7 ba.1, 52,2), if b € R,
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where by € Hy and by = (ha1,b22) € Hy. The remarks made in Section 4 concerning the
choice of £ and configuration of /g also apply here. For the additional estimator not present
in the SLLD framework, let ¢ = v/nf2/03,nCn.

Fix some « € (0,1). To see that Assumption M-BM.2 is satisfied, note that

so we have,
~ (hl, hQ), if hl = +00
(hl + Zp, hg), if h1 € R,

where Z, LN (0,p%). To satisfy this assumption, §) and §® need only be set greater
than zero. The proof that Assumption M-BM.2 is satisfied for 6 € (0,1) is essentially the
same as the proof of Assumption S-BM.2 for the post-conservative model selection example
except for the additional condition of I5(h,,), I3 (h) C H wp 1if h € H. The same is true for
showing that Assumption M-B.3 holds when evaluated at any € (0, 1). It is clear that this
additional condition is satisfied from the definition of I5(-) and the expressions for h, and
above. To see how Assumption M-B.4 is satisfied, check Appendix II. Regarding Assumption
M-B.5, under Hy and {v,,}, since ¢, — oo,
(= LBy 2g

where 7 £ N(0,1). For Assumption PI, simply note that 4,2 = (05, pn) = Vn2 and the
remainder of the assumption holds by construction. Now, the fact that under Hy and when

the drifting sequence {7, ,} with |h;| < oo characterizes the true DGP,

Vn(f — 6y) d —hiha) h§,1(1 - h%,2) 0
N — N ;
hon 1 hy 0 h%g
n(—0 0 h2 ho 1 h2
\/_(A 0) Ay ’ 51 21159 (9)
P hy haih3, — h3,

(see Appendix II), makes it straightforward to calculate functions C_LZ(»I)('>, 62(2)(‘) and 7;(+)
satisfying Assumption M-BA-PI(i)+(iii) and M-BM-PIL.1(i)-(iii).

For example, upon setting 6D 50 > 0fori=1,2,r=1and 3 =0, dgl) = d?) =«
satisfy Assumption M-BA-PI(i)+(iii) in analogy with this choice of anchor in the post-
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conservative model selection example. Furthermore,

cg)_A(oz, 0,h) = C(Li;,_PI(oz, hy) = sup CE2)1,h2)(1 —a)
hieH
is invariant to h; for i = 1,2, satisfying condition (b) of Corollary M-BM-PI. For this choice
of anchor, we can simply set 7;(-) = 0 for i = 1, 2 without the need to calculate via simulation
because the MLLDs analog of the sufficient condition in Corollary SCF (in Appendix III)
holds. To see this and how Assumptions M-BM-PI.1 and M-BM-PI.2 are satisfied in this

example, check Appendix II.

6.1 Finite Sample Properties

As in the case for two-sided post-conservative model selection testing, we examine the finite
sample behavior of the upper one-sided post-consistent model selection test but now based
upon the PI M-Bonf-Min CVs using c(Li};_ Pl(a,fzn) as the anchor in each localized limit
distribution corresponding to i = 1,2. We use the exact same DGP as that used in the post-
conservative example to conduct the analysis. Of course since the regressors are stochastic,
this violates the assumptions of Leeb and Pétscher (2005). Nevertheless, as we shall see, size
is well controlled for this DGP, consistent with the claim that Leeb and Potscher’s (2005)
analysis can be extended to cases of stochastic regressors. With the same DGP, the only
differences with the post-conservative example are (i) instead of the studentized t-statistic,
we use the non-studentized version while providing a PI estimator for the variance of 6 and
(ii) we examine a model selection CV that is growing in the sample size, namely, the BIC
choice of ¢, = /logn. We also use the same choices for £(3) as in the finite sample analysis
of the post-conservative example as well as @ and 6 values corresponding to the values of
¢ and ¢ in that example. For the size analysis, we approximate the exact size using the same
procedure. Table 2 reports the maximum over (3, finite sample null rejection frequencies at
a 5% nominal level. The table shows that the new test again has excellent size properties
with a maximal NRP of 5.2% over the entire grid of parameters considered. In this example,
construction of the PI M-Bonf-Min CV involves very little computation since 7;(-) = 0 and
M pi(a,hy) is a closed-form a function of h, and standard normal CVs.

Moving on to the power properties of the test, we computed power functions for the 5%
test corresponding to four representative values of v, 5, the correlation between the 0 and
Bo: 0.9, 0.6, 0.3 and 0. The power functions are graphed against (5 in Figures 8-11 and

are based on 10,000 Monte Carlo replications. Each graph shows power curves as # moves
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away from the null value of zero for three different values: # = 0.1, 0.2 and 0.3. As in the
post-conservative example, the results for —v, 9 are quite similar.

The power curves in this one-sided post-consistent model selection test are similar to those
in the two-sided post-conservative model selection test with one important difference: they
do not seem to exhibit as complex power behavior near 5, = 0. As in the post-conservative
example, power is very good over most of the parameter space. Power losses occur only
over very small portions of the parameter space and, even at their lowest points, they are
well above the nominal size of the text except when 6 is very close to the null value of
zero. The power losses occur at points surrounding s = 0 since it is the area of the
parameter space where cgzn_ 5_prla, fAzn) is more likely to be selected by 5 . In this particular
problem, cfjgn_ s_ps(a, by) is a more conservative CV than cgzn_ s_ps(a, hy), as the former
is constructed by taking a maximum over an interval centered about fLml while the latter is

strictly a PI CV that does not depend upon iLml (see Appendix II for details).

7 Conclusion

This study provides new methods of size-correction for tests when the null limit distribution
of a test statistic is discontinuous in a parameter. The CVs utilized by these size-corrections
entail power gains in a variety of circumstances over existing size-correction methods. They
also enable one to conduct tests with correct asymptotic size in a general class of testing

problems for which uniformly valid methods were previously unavailable.
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8 Appendix I: Proofs of Main Results

This appendix is composed of the proofs of the main results, followed by auxiliary lemmas
used in these proofs, some of which are of independent interest.

Proof of Theorem S-B: By the Theorem of the Maximum, Assumptions S-B.2 and S-B.3,

c3(a, d,-) is continuous over H. Now, take any h € H and suppose the drifting sequence
of parameters {7, } characterizes the true DGP. Then, Assumptions S-B.2 through S-B.4

imply

limsup Py, -, , (Tn(B0) > (e, 8, hy)) < P(Wy, > 3 (a, 8, h))

= P(Wy, > ¢3(a,0,h) > cn(1 —0))
+ P(Wy, > cp(1 —=9) > S(a, ,h))
+ P(cp(1 —0) > Wy, > cB(a, ,h))

< P(Wp > cp(1 = 6)) + Plea(1 = 8) > ¢S (a,6,h)) <

(A.1)

since ¢, (1 — 8) is the (1 — )™ quantile of Wj, and P(h ¢ I,_s(h)) < o — 8. Hence, we have a
uniform upper bound on the asymptotic NRP under all {7, ,} sequences. To estabhsh full
uniformity over I', let {7,} be a sequence in I' such that

AsySz(6o, ¢3(a, 8, hy)) = limsupsup Py, ~(Th(60) > c3(a, 8, hy))

n—oo ~vel

= limsup Py, 5, (T(00) > ci(a, 6, hy)).

n—oo

Such a sequence always exists. Let {7y, } be a subsequence of {7, } such that

limsup Py, 5, (Th(60) > (v, 8, hy)) = 7}1_)11010 Py 5, (T, (60) > 5 (a, 6, hi,))-

n—0o0

Such a subsequence always exists. Since H is compact, there exists a subsequence of {7, },
call it {Y(x,), }, for which

lim ((kn)j)rﬁ(kn)ﬁl € Hyand lim ;2 € Ho.

kn—00 (kn)] —00

That is, {Y(k,); } = {V(kn),,n} for some h € H. Hence,
ASySZ(QOa C%(av 9, EN)) = nlggo P9oﬁ<kn)j7h(T(kn)j (90) > C%(a7 J, il(kn)j)) < o,
where the inequality follows from (A.1). Finally,

5 = AsySz(6o, sup ¢y (1 — 8)) < AsySz(by, c3(a, 8, hn)),
heH
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where the equality is the direct result of Theorem 2 in AG (Assumptions D, S-B.1 and S-B.2
imply Assumptions A, B, L and M(a) of their paper hold with “a” replaced by “6”) and the
inequality follows from the fact that

(o, 0,h,) = sup (1 —0) < supey(l —6)
bels(hn) heH

forallyeI'and n. R

Proof of Corollary S-B-PI: The upper bound follows from identical arguments to those
made in the proof of Theorem S-B. For the lower bound, simply note that for each hy €
Hj, there is some hi € H;j such that supy, cg, C(pihy)(1 — 0) = Curny(1 — 0) by virtue
of the extreme value theorem and Assumption S-B.2(i). Hence, for some h* € H with
SUDy, e, Con ) (1 —0) = e (1 = 0),

AsySz(0o, ¢ pr(, 8, hy)) > AsySz(0o, cLr—pr(8,An2))
> liminf Py, . (T,(60) > sup ¢, 35, (1 —6)) = P(Wp > (1 = 6)) =6,

n—oo hleHl

where the third inequality follows from Assumptions S-B.1, PT and the continuity of supy, ¢,
C@py,y(1—0), the latter of which is implied by Assumption S-B.2(i). The equality follows from
Assumption S-B.2(ii). The sequence {v,n+} C I' exists by, cf., Lemma 7 of Andrews and
Guggenberger (2010b). W

Proof of Theorem S-BA: By the same arguments as those used in the proof of Theorem
S-B, for any h € H,

limsup Py, +, , (Tn(60) > c3_ (e, B, hy)) < P(Wy, > sup c(1—a)).
oo hels(h)

Thus, the same subsequencing argument as that used in the proof of Theorem S-B provides
that there is some h € H such that

AsySz(0g, ¢34 (a, B,hy)) < P(Wy, > sup ¢(1 —a)) < o,
hels(h)

where the latter inequality holds by S-BA(i) and the definition of @. On the other hand,

AsySz(o, c_a(a, B, hy)) > limsup Py, . (T1(00) > c5i_a(e, B, 1))

n—oo

> P(Wye >3 (a, B,0%) = . R

Proof of Corollary S-BA-PI: By the Theorem of the Maximum, Assumptions S-BM.1, S-
BA-PI(i) and S-B.3 imply that ¢, p;(a, 3,-) is continuous. Hence, by the same arguments
as those used in the proof of Theorem S-B, for any h € H,

limsup Py, ., , (Tu(0o) > ¢4 pr(c, B, 1)) < P(Wy, > sup cy(1 — a(ha))).

oo bels(h)
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The same subsequencing argument provides that there is some h € H such that

AsySz(Bo, ¢ a_pi(a, B, hn)) < P(W), > sup (1 —a(hs))) < a
hels(h)

by Assumptions PI and S-BA-PI(ii)-(iii). On the other hand,

AsySz(0g, ¢34 pr(e, B, hy)) > limsup Poo , (Tn(0o > &3 a_prlon B, hy)))

n—oo

> P(Wy > C%—A—Pl(aaﬁ7ﬁ*)) =a. i

Proof of Theorem S-BM: Lemma BM provides that ¢, p(c, ) is continuous over H by
Assumptions S-B.2(i) evaluated at ¢; = &;, S-B.3 evaluated at f;, S-BM.1 and S-BM.2 for
1 =1,...,r. Hence, using Assumptions S-B.1 and S-B.4, for any h € H,

limsup Py, ., (Tn(6o) > cSpr(ct, b)) < P(Wh, > Coin-pla, h) + A).

n—oo

Thus, the same subsequencing argument as that used in the proof of Theorem S-B provides
that there is some h € H such that

ASYSZ(00, C%M<Oéa Bn)) < P(Wh > Cmin—B(a;va) + A) < Q,

where the latter inequality holds by Assumption S-BM.3(i) and the definition of A. On the
other hand, from Assumption S-BM.3(ii),

AsySz(0o, chp(a, hy)) > limsup Py, (Tu(00) > chpg(a, ) = P(We > ey, b)) = a.

n—oo

Proof of Corollary S-BM-PI: Lemma BM provides that ¢,,;,—p_pr(a,-) is continuous

overif[ by Assumptions S-B.3 evaluated at 8; and S-BM.1 and S-BM.2 at pairs (6™, ™) and
(0;,6;) for i = 1,...,r. Hence, using Assumptions S-B.1, S-B.4, PI and S-BM-PI(i),

limsup Pag v, (Ta(60) > cGar_pr(e, hn)) < P(Wh > Cmin-p-pr(a, h) + n(hy))

n—00

for any h € H. Thus, the same subsequencing argument used in the proof of Theorem S-B
provides that there is some h € H such that

AsySz(bo, Snr_pr(, hn)) < P(Wh > Cpinp—pr(a, h) +1(hs)) < a,

which follows from Assumption S-BM-PI(ii)-(iii). On the other hand, using Assumption
S-BM-PI(iii), the same argument used in the proof of Theorem S-BM provides

AsySz(0y, ¢3aspr(a,hy)) > . B
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Proof of Theorem M-BM: Many parts of the proof are quite similar to the corresponding
parts in the proof of Lemma M-B, so details are omitted. We now study limsup,, .. Py, , (Tn(60)

> M, (a, hy)) for the same three cases corresponding to Assumption M-B.1.
Case 1: (({yn.rn}) € K. Using very similar arguments to those used in the proof of Lemma
M-B, we can show that for any h € H,

limsup Py, 1, , (Tn(60) > ciy(c, h,)) < limsup Pog o (Tn(60) > W (o, hn) + A1), (A.2)

min—B
n—00 n—00

here using Assumptions M-B.2(i) evaluated at (51-(1) = 072(1) corresponding to (; and cg) and

5 = g corresponding to 3; and cf), M-B.3 evaluated at ;, M-BM.1, M-BM.2(i) and

M-BM.4(i) for i« = 1,...,r to establish the finiteness of 05737)271—8(0‘/7 hy) + Ay for any finite
n and h € H. Now, for h € H¢, Assumption M-BM.4(ii) immediately provides that (A.2)
is bounded above by a. For h € H, Assumptions M-B.2(i) evaluated at 551) = 6451) cor-

responding to f3; and cgl) and (552) = d?) corresponding to (; and 022), M-B.3 evaluated at

Bi, for © = 1,...,r, M-BM.1 and M-BM.2, in conjunction with Lemma BM, imply that
) (o, +) + Ay is continuous so that by Assumption M-B.4(i), (A.2) is bounded above by

min—B

P(W,El) > (ah)+A) <a,

min—B

where the inequality results from Assumption M-BM.3(i) and the definition of A;.

Case 2: C({'Yn,h}) € L. The proof that limsup,, ,., P907'Yn,h (Tn(eo) > C%M(aa iln)) < a for
all h € H that fall into this category is again symmetric to the proof for Case 1.

Case 3: (({nn}) € K°NLC. Assumptions M-B.2(i) evaluated at 5 = aM corresponding

to 3; and cg) and 5;2) = dZ@) corresponding to (; and 022), M-B.3 evaluated at f;, for
i =1,...,r, M-BM.1, M-BM.2(i) and M-BM.4(i) and similar arguments to those in the
proof of Lemma M-B provide that for any h € H,

limsup Py, -, , (Tn(60) > cih(a, hn))

n—o0
< limsup Py, .., (Tn(00) > max{ely), g, hn) + Ar el pla,hn) +A2}),  (A3)
n—oo

in this case. Assumptions M-B.1(iii) and M-BM.4(ii)-(iii) and a similar change of measure
to that used in the proof of Theorem B-M provide that (A.3) is bounded above by « for

h € H¢. For h € H, if W,E?’) is stochastically dominated by W,El), (A.3) is bounded above by
limsup Py, o, , (Wi > ) gl b)) + A < POVY > ) poh) + A) <o,

min—B min—B
n—00

where we have again use the continuity of CSLE”_ p(a,) + Ay and the final inequality was
established above. If W,E3) is stochastically dominated by W,EQ), the argument is symmetric.

We can now establish that AsySz(y, ¢4y, (a, iLn)) < « using the same type of subsequenc-
ing argument as that used in the proofs of all the main results.
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Finally, if (a) of Assumption M-BM.3(ii) holds, similar arguments to those used to es-
tablish (A.4) yield

~

AsySz(0y, My, (ar, b)) > limsup Py, P (T, (60) > cHur(a, hy))

n—oo
> liminf Py, o) (Tal00) > el plen hn) + Ar) =

If (b) of Assumption M-BM.3(ii) holds, the argument is symmetric. W

Proof of Corollary M-BM-PI: The proof is very similar to the proof of Theorem M-
BM so most details are omitted. Assumptions M-B.3 evaluated at g; for i = 1,...,r, M-
BM.1, M-BM.2(i ) M-BM-PI.1(i) and M-BM-PIL.2(i) can be used to establish the finiteness

of cm)m s prlon hy) + i (Yn,2) for @ = 1,2. In this case, Assumption M-BM-PL.1(iii) is used
directly to establish the upper bound on limiting null rejection probabilities when h € H.

For the lower bound, Assumption M-BM-PI.1(iv) plays the role of M-BM.3(ii) in Theorem
M-BM. &

The following is an auxiliary Lemma used in many of the proofs.

Lemma BM. Let 9, D, $ and B be metric spaces, f: XD — R be a function that is

continuous in both of its arguments and G : $H X B =2 ) be a compact-valued correspondence
that is continuous in both of its arguments. If the set {(d,b) € D x B : d+b = a} is
nonempty and compact, then

inf sup f(x,d
{(db)e@x% d+b= a}mEG(yb) ( )

1S continuous in Yy € 5.

Proof : The maximum theorem provides that sup,cc(, ) f(2, d) is continuous in (y, b,d) €

H x B xD. A second application of the maximum theorem yields the lemma’s claim since,
as a correspondence from § into © x B, {(d,b) € D x B : d+b = a} is compact-valued and
trivially continuous. M

The following lemma establishes the correct asymptotic size of tests using M-Bonf CVs.
Assumptions M-B.6 and M-B-LB can be found in Appendix III.

Lemma M-B. Under Assumptions D and M-B.1 through M-B.6 for § = a — 0,
AsySz(0y, M (r, 6, hy)) < a
If Assumption M-B-LB also holds,
PW, > ¢ (1= 6) + &) < AsySz(0o, M (a, 8, 1)),

where i = 1 if (a) holds and i = 2 if (b) holds.
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Proof: Take any h € H. We break down the proof that limsup, .., Ps,», ,(Tn(0o) >

M(a,6,h,)) < for any h € H into the three cases corresponding to Assumption M-B.1.
Case 1: (({vnn}) € K. Assumptions M-B.2(i), M-B.3 and M-B.6(i) provide that for any
h € H and finite n,

Pporn(l sup (1 =0)] < 00) = 1.
hela—(s(h'n)

Hence, for any h € H and € > 0,

Poyoynn(11(C € L) (a,6,h)| > €) < Py, (C € L) =0
by Assumption M-B.5 and the fact that L C int(K¢). Hence, using the fact that L¢ =
KU (K°nLe°),

limsup Py, ~, , (Tn(60) > ¢ (o, 0, hy)) = lim sup Poo o (T (00) > 1({ € I_{)cg)(a,& hy)

n—oo n—oo
+1(¢ e L) (, 6, hy) + 1(E € KN L) max{cY (a, 6, hn), 2 (o, 6, 7))
< limsup Py, , , (Tn(6o) > 1(C € L)Y (@, 8, hy) + 1(C € L) (a, 6, b))

n—o0
= limsup Py, , , (Tn(00) > ¢ (a, 8, hn)), (A.4)
n—oo

where the final equality follows from Assumption M-B.5 and the fact that 1(z € L¢) is
continuous at any x € K. If h € H°, Assumption M-B.6(ii) immediately implies that (A.4)
is bounded above by «. Suppose then that h € H. Given Assumptions M-B.2(i) and M-

B.3, the Maximum Theorem implies that cg)(oz, §,+) is continuous when I4(-) C H. Hence,
Assumptions M-B.1(i), M-B.3 and M-B.4(i) imply that (A.4) is bounded above by

PW > cW(a,6.h) < PWY > V(1 —6) +2)) + P(h ¢ I_s(h)) < o, (A.5)

where the first inequality is the result of the same type of Bonferroni arguments made in the
proof of Theorem S-B and the second inequality follows from Assumptions M-B.2(ii) and
M-B.3.

Case 2: (({Vn,n}) € K. The proof that limsup,,_,.. P, ,(Tn(00) > cf (@, 8, hy,)) < o for
all h € H in this case is symmetric to the proof for Case 1.

Case 3: (({Vnn}) € KN L. Assumptions M-B.2(i), M-B.3 and M-B.6(i) provide that
for i = 1,2, any h € H and finite n,

PeO:')%,h(‘ SupA Céi)<1 - 5)‘ < OO) =1
hEIa—ts(h"n)

so that for any € > 0, we have
Py (11(C € K)ely (0,8, 10,)] = €), Payg iy (11(C € L) (a0, 6, k)| =€) = 0

by Assumption M-B.5. Hence, similar expressions to those leading to (A.4) yield

limsup Py, (T5.(60) > cf (e, 6, )

n—oo
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< limsup Py, , , (Tn(6o) > max{cg)(oz, 8, hn), cg)(a, 8, hn)}). (A.6)

n—oo

Suppose h € He. If W,sg) is stochastically dominated by W,El), (A.6) is bounded above by

limsup Py, -, , (T (60) > ¢ (@, 6, ) < limsup P, ) (To(60) > (0,0, hn)) < a,
n—o00 ’ n—00 » ik

for some {%(11,)1} C I' with ¢ ({ﬁﬁb}) € K satisfying Assumption M-B.6(iii), where the first

inequality follows from Assumption M-B.6(iii) and the second from Assumption M-B.6(ii). If

W}EB) is stochastically dominated by W}EQ), the argument is symmetric. Now suppose h € H.

If W,Eg) is stochastically dominated by W}El), (A.6) is bounded above by

limsup Py, -, (Wi > ¢ (0,6, hn)) < POV > ¢ (,6,h)) < a,

n—o0

where the first inequality results from the continuity of cg) (a,d,-) when Iz C H and Assump-

tion B.3 and the second inequality has been established in (A.5). If W}ES) is stochastically
dominated by W,?), the argument is symmetric.

Now, since we have established that limsup,, ., Py, , (Tn(60) > ¢} (v, 0, h)) < a for
any h € H, AsySz(6y, M (v, 0, hy)) < a follows from the same type of subsequencing argu-

ment as that used in the proof of Theorem S-B.
Finally, if (a) of Assumption M-B-LB holds,

(T.(6o) > Cg(av 0, iLn))

p*(1)

AsySz(0o, clf (v, 6, hy)) > limsup Py, ,

n—oo

> liminf P, ) (T(60) > D, 6, h))
(T, (6p) > sup cél)(l —0) +¢&1)
heH

> PWL, > (1 —0) +e),

> lim inf P,
< e 90,7, (1)

where the second inequality follows from very similar arguments to those used to establish
(A.4) and the final inequality follows from Assumption M-B.1(i). If (b) of Assumption
M-B-LB holds, the argument is symmetric. B

Clearly, if ¢, = 0 and J;(li)m (+) is continuous at ;. (1 — 0), then the lower bound is equal
to 6. We now remark on an important, easy to verify, sufficient condition that implies some

of the imposed assumptions hold: as a function from H in R, cﬁf)(l — §) is continuous for
i = 1 or 2. Clearly this a strengthening of Assumption M-B.2(i). In conjunction with the
other assumptions of Lemma M-B, it also implies that one of the A*’s in Assumption M-B-LB
exists (but it does not imply the existence of corresponding v sequences) and M-B.6(i)-(ii)
holds. To see why Assumptions M-B.6(ii) holds in this case, notice that application of the
Maximum Theorem provides that cg)(a, J,-) is continuous and Bonferroni arguments yield
P(W,gz) > cg) (a,0,h)) < a. See the arguments surrounding (A.5) in the proof of Lemma M-
B for details. Finally, if this condition holds, the statements made in Assumption M-B.6(iii)
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with regard to {%(L] })L} may be dropped since then the same arguments made in Case 3 of the

proof for h € H may be generalized to all h € H.
The following lemma establishes the correct asymptotic size of tests using PI M-Bonf
CVs. Assumption M-B-PI-LB can be found in Appendix III.

Lemma M-B-PI. Under Assumptions D, PI and M-B.1 through M-B.6 for § = a — 0,
AsySz(0y, M (e, 8, hy)) < a.
If Assumption M-B-PI-LB also holds,
P(W((}Z(i)7h§) > C§2;<f>,h;)(1 —0) + &) < AsySz(0o, X pr(a, b, hy)),
where i = 1 if (a) holds and i = 2 if (b) holds.

Proof: The upper bound follows from identical arguments to those made in Lemma M-B.
For the lower bound, if (a) of Assumption M-B-PI-LB holds,

AsySz(0y, ¢ p,(a, 6, hy)) > limsup Paos, e, (Tn(0o) > M (a6, hy))

n—00 1 7h3)

> lim inf Py, (T (60) > N 1 (0,6, hn))

n—o0 n,(h*{“),h;)

. 1
> liminf Py, - (T(60) > sup Cghz,%z)(l —0) +¢1)

n—oo n,(h;((l),hg) hleHl

(1) (1) .
> P(W(h;u)’h;) > C(hi(n’h;)(l 0) +e1),

where the second inequality follows from very similar arguments to those used to establish
(A.4) and the final inequality follows from Assumptions M-B.1(i), PI and M-B-PI-LB. If (b)
of Assumption M-B-PI-LB holds, the argument is symmetric. Il

9 Appendix II: Derivation of Results for Examples

9.1 Testing After Conservative Model Selection

The following is a verification that Assumption S-BM.2 is satisfied in the context of this
example for ¢ that can be set arbitrarily close to zero. Assume that Hj holds and the
drifting sequence of parameters {7, ,} characterizes the true DGP.

(i) First, the weak law of large numbers for L'*¢-bounded independent random variables

provides that 4, o 5 hy. Results used to show (S11.10) in Andrews and Guggenberger
(2009¢) provide that for |h;| < oo, ﬁml N hi++/1 — h3Z, where Z i N(0,1). Furthermore,
when |hy| = 00, hpy —= hy since hy,; = n'2B, /(0 Q* + op(1)) and
123, = o(Q)V 2 2y, 41+ oY (X5 Xs) "1 Xbe = 0(QB)Y2n 2y, 4y + O,(1).
Hence,
~ (h1, ha), if hy = +o0

h:
(hy + /1= h2Z, hy), if hy € R.
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Second, take any § € (0,1). Using the definition of I, if hy = £o0, then

Poy (b € I5(R)) = P(h = h) =
If hy € R,

By (0 € L5(R))

:P<<h1,h2 h1+\/1—h2Z+\/1—h Z§7h1+\/1—h22+\/1—h2’1 B‘Ff hg

= P(Z € [z, 21-p1¢]) = 1 —

Third, as defined, I is clearly compact-valued for any 8 € (0,1). Finally, to show continuity

of Iz over H, first note that for 3 > 0, Is(h) = ([b1 + /1 = b32e, b1 + /1 — b321-54¢), bo).

Now, take any h € H = Ry, X [—1 + w, 1 — w] and let {h;} be a sequence in H such that
b — b. For each k, take any b, € Ig(hy) such that by — b. Then, by = (ax ® (b1 +

/1= 03,2¢) + (1 —ar) ® (hug + /1 —b3,21-51¢), bag), for some a; € [0, 1], where ® is a
binary operator defined for any pair (a,b) € [0, 1] X Ry, as follows:

ab, ifaz£0
0, ifa=0.

a®b =

Now note that for (a,b,c) € [0,1] x Ryo X [-1 4w, 1 — w],
fla,b,c)=a® (b+V1—2z)+(1—a)® b+ V1 —22_gye)
a(b+V1—2z)+ (1 —a)(b+ V1 —c2z_pe), ifac(0,1)
=9 b+V1—c22 sy, ifa=0
b+ mz& ifa=1

is continuous in all three arguments. Then, since both b, and b converge and [0, 1] is com-

pact, ax — a € [0,1]. Hence, b= (a® (h1+1/1 = h3ze) +(1—a)®(h1++/1 = h321_g4¢), bo) €
I5(h) so that I3 is upper hemicontinuous. Now, take any h € H and let {h,,} be a sequence

in H such that b,, — h. For each b € I5(h), b= (a ® (hy + /1 — h3z14¢) + (1 —a) ® (b1 +
V1 —=b321_p4¢), b2) for some a € [0,1]. Then, for b, = (a® (b1 +4/1 = b3,,2¢) +(1—a)®

(Bim + /1 = b3,,21-84¢), ba.m) € 15(bm), b — b so that I3 is also lower hemicontinuous

and therefore continuous for any 5 € (0,1).
(ii) First note that by is trivially continuous in S. Similarly for 8 > 0, when |h;| = oo,

b1 4+ /1 —b3ze, b1 + /1 — b3z1_p4¢] = [b1, b1] is trivially continuous in . Very similar

arguments to those used in (i) above show that [h; ++/1 — h3z1, by ++/1 — h32z»] is continuous
in (21,22) € {(Z1,%2) € R?: Z; < 2} when [h;] < 0o. Since z¢ = z¢(5) and 21_ge = 21-g1¢(p)

are continuous in 5 € (0, 1), we have the continuity of I3(h) in 3 over (0,1) forallh € H. R
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To see that Assumption S-B.4 is satisfied, assume that Hy holds and the drifting sequence
of parameters {7, ,} characterizes the true DGP. Assume |h;| < co. Using Lemma S3 of
Andrews and Guggenberger (2009¢),

B nl/QBQ/O'n 4 (n_lXéX ) 1 —1/2X/
M (6/0n) (1 XM, Xp) 712

=y + (Q2) V2(Quaz) tehn V2 X e + 0,(1)

where X1+ = [2{,... 21)" and the second equality follows analogously to (S11.18) in An-
drews and Guggenberger (2009c). Combining this with expressions (S11.18) and (S11.25) of
Andrews and Guggenberger (2009c),

T (60) —hiha(1 = he) ™2 4+ Q5 Pn12el X e Zna
B"vl - h1 + (Qi2)71/2Q;,1226/2”71/2XL/5 + 0p<1) i> %1 )
T2 hi + (Q2) 2 (e2 — Qu12@, 1161)n~ 2 X e Zno

by the Lindberg Central Limit Theorem and the Cramér-Wold device, where the limiting
random vector is a multivariate normal. Similarly, (T}, 1(6y), lAzml, T,2) N (Zna, by, Zna),
a multivariate normal random vector. If |hy| = oo, hy 25 hy so that we again obtain

joint convergence of the above random three-vectors. Now, take any (¢;,t;)" € R? and fixed
r eR,
Poo o (11T (60) + 752;%,1 <z)= P00,7n7h(t1|fn,1(90)| + tQiLn,l <uz,|T,2| <c)
+ Pay (1] T01(80) | + tahn s <, [T 0] > ©)
= P(ta] Zna| + tahn < 2,|Zs] < ¢)
+ P(ty]| Zna| + tahy < 2, |Zns| > ©)
= P(tyWy, + tohy < ),

since W, < |ZL71|]I(|Zh72| < ¢)+|Zn1|1(|Zna| > ¢) by (S11.10) of Andrews and Guggenberger
(2009¢). Hence, the Cramér-Wold device yields the joint convergence of T,,(6y) and hy, ;.
Finally, since 4, 2 5 hy, we have the joint convergence of T, (6p) and h, = (ﬁm, An2). A

Here we show that (7) holds. Assume H, holds and the drifting sequence of parameters
{Vnn} characterizes the true DGP with |hy| < co. We have already shown the joint conver-
gence of the two random vectors to multivariate normal random vectors above. The asymp-
totic covariance matrix is all that remains to be shown. Andrews and Guggenberger (2009¢)

show Var(Zh 1) = Var(Zh 1) = Var(Zy2) = 1, Cov(Zh 1, Zn2) = 0 and Cov(Zh 1, Zn2) = ho.
Using the representation above, we obtain the following results in a similar fashion:

COV(Zhl’hl) - hm Eq, Q7)) 1/2Qn22 inT XX e 1627111/12
:JE&(Q?) V2 haehQuer@u il = lim Q)20 3, Qun Q1
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= lim _fYn,h,2(1 — 72,h,2)1/2 = _h2<1 - hg)l/Qv

n—oo

Cov(Zna, ) = lim E, (Q7) ' Q, haehn™ XX (62 — Quaa@, 11e1)(Q7)?
= lim (Q2)7?Q, hyehQulez — Qu12Q;, 11€1)(Q2)?

n—oo

= lim (Qi2)_1/2Q;,122(Qn,22 - 31,12@;,11)(@22)1/2

n—oo

1 A2 1 p2
= HMm1—n,,,=1-h,

Cov(Zn1,Tn) = lim B, (Q2)2Q; kaéyn™ XY X (61 — Qu1aQuboen) Q1)
= lim (Q2)Qu ke Qu(er — Qu1aQubae) QL)

n—oo

= T}LIEO(QELQ)_l/QQ;éz(Qn,m - Qn,le;leQn,m)(erzl)l/Q =0. 1

9.2 Testing when a Nuisance Parameter may be on a Boundary

To verify that the distribution function of W), is given by (4), note that by (3),

Wh fc\lJ _Zh2,17 if Zh272 2 _hl
—Zpot F ho(Zpyo + hy), if Zp,0 < —Mhy
so that
P(Wh S ZL’) = P(—Zh%l S Z, Zh272 Z —hl) (A?)

Since Zp, 1 & haZp,o++/1 — B2Z, where Z £ N(0,1) and E[Z),2Z] = 0, we have that (A.8)
is equal to

~ xr — h2h1
P (— 1-— h%Z + hghl < Z, th 2 < —h1> = <—) (b(_hl)
v - ’ V1- 12

For similar reasons, Z, » conditional on Z,,; = z; is distributed N(hgzy,1 — h3) so that,
letting f(z2|21) denote the conditional density, (A.7) is equal to

o0 o0 o _hl B
/ /h f(z]21)0(21)d.d., = / (1 —/ (1— hg)—1/2¢ (%) dzz) o)
o0 ~h1(1—h3)~1/2
= /_ <1 - /; ¢ (Zz - (1_}@#) ng) d(z1)dz
N / (1 -0 (m» o(2)dz,

yielding the desired result. B
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Here we verify Assumption S-BM.2 and the claim that ¢ can be set arbitrarily close to
zero in this example. Assume that Hy holds and the drifting sequence of parameters {, 5}
characterizes the true DGP.

(i) First, Yn2 = pn 25 hy and the central limit theorem provides that for h; < oo,

S N d d S ~ P
nl/szg/amg — hl + Zh272, where ZhQ’g ~ N(O, 1) When hl = 0Q, nl/QXn’Q/O-n’Q — hl
. N p
since 6,9 — 09, nY/27, 51 — 0o and

1/2Xn2—_zo-2'7nh1+622 Zn %h1+0()

where e is iid with finite variance o3. Hence,

~ (hl, hg) if hl = 0
(hy + Ziy 2, ho) i by € R,

Second, take any 8 € (0,1). As in the previous example, Py, ,(h € I5(h)) = 1 when
hy = oo. It hy € R,

P(h € I5(h))

P(hy € [max{0, hy + Zp, 2 + 2z}, max{0, hy + Zp, 2 + z1-p1¢}])
(h1 € max{0,hy + Zn, 2+ 2z}, hi + Zhy o + 21-p4¢])
(
(

v

hy € [h + Zhyo + 2e, ha + Zny o + 21-p4¢])

P
P
P(Zny € [26, 21-p1¢]) =1 =

since P(h; < 0) = 0. Third, as defined, Iz(h) is clearly compact-valued. Finally, to show
continuity of I5(h) over H, note that for any g € (0,1), I5(h) = ([max{0, b1 +2¢}, max{0, b+

21-g+¢}], b2). Now, take any h € H = R, and let {h;} be a sequence in H such that b, — b.
For each k, take any by, € I3(hy) such that by, — b. Then we have four cases: (i) if by, = 0o

b = b = (b + 26, 02%) = (D1 + 21-p4¢, bok); (i) if big + 21-p4¢ <0, b = (0, boy); (iii)
if hrp+2e <O0and hrg+ 21-p1¢ > 0, by = (1 — ag) (b1 + 21-p1¢), bay) for some ax € [0,1];
(iv) if (hyx + 2¢) € (0,00), then by = (ar(bix + 2¢) + (1 — ar)(bik + 21-g1¢), hak) for some
ap € [0,1]. In other terms, by = (ar ® (h1x + 2¢) + (1 — ag) © (b1 x + 21-p+¢), hax) for some

ay € [0, 1], where ® is a binary operator defined for any pair (a,b) € [0,1] x H; as follows:

ab, ifbeR,
a@b=4 0, ifb<Oorbothb=ocanda=0

b, ifb=ocanda>0.

Now note that for (a,b) € [0, 1] x fh,

fla,b)=a@ (b+2z)+ (1 —a)® (b+ z1-p+¢)
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( alb+ze) + (1 —a)(b+ z1-p4¢), i (b+z) € Ry
) T =a)(b+ zi-pie), if (b4 z1_p4+¢) € Ry and (b+ z) <0
o i (b+ 21_gae) < 0

| b+ 211, if (b+ 2¢) = 00

is clearly continuous in a. It is also continuous in b since limy,, ., f(a,b) = (1—a)(21-pre—2¢),
limy, ., ,,, f(a,b) = 0 and lim,_, f(a,b) = b+ 21_p4¢. Then, the same arguments used for
the previous example provide that I is upper hemicontinuous. Similar reasoning yields
lower hemicontinuity so that Iz is continuous for all g € (0, 1).

Very similar arguments to those used in the previous example establish the continuity of

I5(h) in 5 over (0,1) for all h € H n

9.3 Testing After Consistent Model Selection

To prove that Assumption M-B.1 holds for this example with the quantities as described
in Section 2.2.1, note the following. As defined, part (i) of Assumption M-B.1 is implied
by 1.(i) of Proposition A.2 of Leeb and Potscher (2005) when we treat the domain of ®(-)
as Ry. Part (ii) of Assumption M-B.1 follows similarly from 2.(i) of Proposition A.2 in
Leeb and Potscher (2005). To show that part (iii) of Assumption M-B.1 holds, we must
examine the cases for which v, 5 1/kn = vV/nfan/0s,ncn — £1. First, if \/nBs,/0p,ncn — 1
and ¢, — \/nfBan/0pyn — 00 OF \/NPoy/0sncn — —1 and ¢, + \/nf2n/0s,n — 00, then,
by 1.(ii)-(iii) of Proposition A.2 in Leeb and Potscher (2005), the null limit distribution
of T,,(6p) is given by J,gl). Second, if \/nfs,/08,ncn — 1 and ¢, — \/nPay/0s,n — —00 OF
VB2 /08y nCn — —1 and ¢, —/nfPan/0s, n» — —00, then, by 2.(ii)-(iii) of Proposition A.2 in
Leeb and Potscher (2005), the null limit distribution of 7,,(6y) is given by J ,52). Third, suppose
VB2 /0py nCn — 1 and ¢, — /Py /0s,n — 1 for some r € R. If hy = limy, 00 VY1 =
limy, 00 v/1B200n/08,n = 00, the null limit distribution of 7,,(6y), evaluated at x is given by

1 u —7r + hy th_%u
() d = d
(r)+ /oo h2,1¢ (hz,l) < (1 —h3,)Y2 !

(see 3. of Proposition A.2 in Leeb and Potscher, 2005). This distribution function is increas-

ing in r and its limit as r — —o0 is equal to J}(LQ) (x) so that the null limit distribution of

T,.(6o) is stochastically dominated by J,SQ). If hy = —oo, the null limit distribution of 7},(6y),
evaluated at x is given by

x 1 U —r 4+ hg gh;%u
— | — 1 = d
\/—oo h2,1¢ (hQ,l) ( (1 - h§,2>1/2 !

(again see 3. of Proposition A.2 in Leeb and Pdtscher, 2005), while J,(ll)(x) =0 for all z € R,
i.e., it is the distribution function of a pointmass at co, and hence stochastically dominates.
If hy € R, hoo = lim,, o pn, = 0 since ¢, — oo so that /nfs,/0s,n — c0. Hence, by 3. of
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Proposition A.2 in Leeb and Pétscher (2005), the null limit distribution of 7;,(6), evaluated
at x is given by ®(r)®(x/hoy + h1) + ®(—r)P(x/ha 1), which is stochastically dominated by

JN (@) if hy < 0 and by J'?(z) if hy > 0. The proof of the fourth and final case for which
V1Bon/0s,ncn — —1 and ¢, + /nfon/0s,n — s for some s € R is quite similar to the
previous case and is hence omitted. W

To see that Assumption M-B.4 is satisfied, begin by noting that under Hy and {7},
V(0 — 6y) = V(X X1) " X Xo o + V(X[ X)) T X e

V(0 — 0y) = V(X My, X1) ' X! My, e
iln,l = \/ﬁpnﬁln/o'ﬁg,n + \/ﬁ(pn/o'ﬂg,n)(XéMX1X2)71XéMX1€7

where X is the i column of X for i = 1,2 and € = (ey,...,€,)’, so that
NICEYRW ~ 0/ WY1 o3, (1=p2) 0 [ WY
~ ~ N ) — ~ )
hn,l \/ﬁ’)/n,h,l 0 pi h‘l
A 2
\/E(Ae - 90) i N 0 : O—g,n 0—9,52,npn/052,n i> Mifg )
hn,l \/ﬁf}/n,h,l U@,ﬂg,npn/aﬁz,n P,% hl

Then, for any fixed (¢1,t5)’ € R? and z € R and {v, } such that (({v.x}) ¢ {-1,1},

P@g;ymh (tlTn(QO) + tQiLn,l S ZL‘) = P90,’Yn,h(t1\/ﬁ(§_ 90) + tQiLn,l S T, |<:| S 1)
+ Poyry (t1/1(0 — 0o) + tahyy < @,[C] > 1)

PtW +tohy < ), i [C({ymn})] < 1
P(tW 4 tohy < ), i [C({mn})] > 1.

Hence, the Cramér-Wold device, along with the facts that v, 521 = 09, — 0900 = ha1 and
Vnh22 = Pn — Poc = ha2, yields the desired result. W

To see that (9) holds, simply note that the limiting random vectors in (9) are the limits
of (v/n(6 —6y), hyi) and (v/n(0 — o), hn1) above. B

Assumption M-BM-PI.1(i) is trivially satisfied since 7;(-) = 0 for ¢ = 1,2. Examining the
distribution functions of i and W,El) for i = 1,2 (see Sections 6 and 2.2.1, respectively), we
can see that for h € H:

sup N Cgl)(l — (5) = —’iL/thJ — h2’1’h272’2’5(a75) + h271<1 — h§72)1/221,5,
hEIafé(h)
Cg)fAfPI(O‘? 0,h) = C(Lll)mpl(% ha) = hsuf[ {=b1hay +hon(1 = h%,Z)l/Zzlfa} = 00,
1€
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CSLEn—B—Pl(O‘a%) = —E1h2,1 + inf ~ {—h2,1|h2,2|2’§(a—5) + h271(1 - h% 2)1/221—5}7
se[6M a—5)] ’

W,El) d —hihg, h§,1(1 - h%,2) 0
hl hl 0 h§,2

so that

ngl) - Cirlzzn—B—PI(a/v?L) ’% N(07 h%;) + 5 [6<1i)nf S<1)}{—h2,1|h2,2|zé(a75) + h2,1(1 - hg,2)1/22’1—6},
clov/,a—

which is an absolutely continuous random variable. Similarly, for h € H,

~ d ) ) d
W,?)—cgzn_B_Pl(a, h) ~ N(0, h§,1)+mm{h2,1z1_a,6 [é(zl)nf o ha1z1-5} ~ N(0, h§’1)+h271z1_a
€0\, a—

so that Assumption M-BM-PL.1(ii) is satisfied. We can see from the above expressions that
for h € H,

g(l) = argmin5e[é(1>7a_g(1>] 0531)—131(047 5,%)

= argminge[é(l)@_gu)]{—h2,1|h2,2|Z§(a—5) + h2,1(1 - h§72)1/221—5}7

which is nonrandom. Similarly, for h € H,

2) : (2) 1) — : - ,
6@ = argminge ;@ ,_5@1 Cp_pr(, 6, h) = argming 52 , s ho121-6 = ho121_a450),

which is nonrandom, so that the MLLDs analog of Corollary SCF holds. This implies that
Assumption M-BM-PI.1(iii) is satisfied with 7;(-) = 0 for ¢ = 1,2. This latter result also
guarantees that part (b) of Assumption M-BM-PI.1(iv) is satisfied since

liminf Py, 5, , (Tu(80) > ¢l pr(c,hn)) = POV, > hoyz10) = @

n—oo

for all h € H with (({v,x}) € L by Assumption M-B.4 and the continuity given by
Lemma BM. To find the sequence {7, -}, take any sequence {7} with lim, o v/nyn1 €

int(L) N Hy = (—o0,—1) U (1,00) and Yn92 = pn = 1/cn (Yn2a need only converge to
some hay € [, M]) so that lim, oo Yn1/kn = lim, 00 v/Nym1 € int(L). For this sequence,
h*(2) - (hmn—>oo \/ﬁ’yn,la h2,17 O) |

Moving on to Assumption M-BM-PI.2, note that |C1(72n737131 (a, b)) < | SUDger s (i) cgl) (1-
8)| for any § € [0, o — §M]. Suppose Py, , (
such § and h € H¢. This means

SUPgcr () cgl)(l — )| = 00) > 0 for some

P907'7n,h <| sSup {—f)l%,m + 21—5;)/71,2,1(1 - %372’2)1/2}| = oo) >0
hi€l

1 +n,2,22 on, 149, 2,221 —at s 4]
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and consequently

~ ~

Pgoﬁmh(—oo or oo € [hn,l + ’%L’QQZ& hn,l + :Yn,2,231—5+§]> > 0.

But this is at odds with the fact that h, < V11 + N(0,97 55) under Py, ., , and the

definition of I for this problem, and we arrive at a contradiction. Also, we clearly have
P9077n7h(|cgzn_B_Pl(a, ha)| = 00) = 0 since cggn_B_PI(oz,an) = Yn21%1-o. Hence, Assump-
tion M-BM-PL.2(i) is satisfied. Now, consider any h € H® and {v, 4} with (({y.4}) € K.
Using the facts that, under v, p,

- 1 - . R R
Cg)—A—PI(aa 0, hy,) = Cszz)?—m(av hn)) = sup {—51%,2,1 + %,2,1(1 - %,2,2)1/2} = 00,

hi€H,
Yn.2.1Yn.2.0X 45 M
sup (1= 6) =~/ — RN
hEIy—s(hn) OBy nNoMx; A2

- N - 22 \1/2
— n21Yn,2,2% + n21 (1 — %,2,2) / Z1-6

for any 0 € [0, v — 6M], we have
(1) 7 Yn,219n,22X5 Mx, €
Crnin—B— a7hn = _\/ﬁ n - \/ﬁ
B-pi( ) Tn,h,1 05 XMy, X

+ inf {Anpineeze + An2i(l — Ap00) P25}
se[d™ ,a—5M)]

We also have

X'e
T360) = (Vs + Ve ) 1(ma) + (1) <1
1481
X{MX2€
— 1 n 1 1
VIS ) +0p(1) > 1)
= —vn +\/EX{€ + 0,(1)
- 7n,h,1 X{Xl D
so that
lim sup Pgoa"/n,h (TN(QO) > ngn—B—PI(aa hn))
n—oo
. Xie ’? 21;7 22X5Mx €
:1 P 1 n,z, n,z, 2 1 >
D P, (Ve VI M X 2
inf {_:)/n,Q,l’AYn,Z,Q'Zé + An21(1 — ’?2,2,2)1/22176})
s ,a—6M)]
= P(h2,1(1 - h%,z)lhzl + hoiheoZy > 5 [5(1i)nf 5 )]{_h2,1h2,225(a—6) + h2,1(1 - hgz)lﬂzlf&})
cldM) ,a—6(1
= P(hg,l(l — h;z)l/zzl + h2’1h2’222 Z —h271h2’225(a_5~) -+ hz,l(l — h§72)1/2zl_§)

< P(hga(1 — h%,g)le > hoa(1 — h;g)lmzl_g) + P(hoyhooZy > h2,1h2,221—§(a—~)>
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—0+&a—0)<d+a—0d=a,

d ~ :
where Z17 Z2 ~ N(O, 1)7and 0= argmlnée[é(1>7a_5(1>]{—h271h2,2z5(a_5) + h271(1 — h%}z)lﬂzl,g}.
Now consider any h € H® and {7, } with (({7ns}) € L. Then,

Pagoyn (Tu(00) > 2 5 (@, ) = Pag (Ta(00) > Amaiz1-a) = PP > hopziy) = .

Hence, Assumption M-BM-PIL.2(ii) is satisfied. Finally, suppose (({v.r}) € L° N K¢ for
some h € H®. Let 5(1})“1 = X(1)Yn,n,1 and %(Ll,)ﬂ = Ynn2 for all n with x) € (0,1) so that

n,

lim,, oo \/ﬁﬁgzl = x(1) iMy 00 v/WYnn1 = hi = £00 and, recalling that L°N K¢ = {-1,1},

lim VA ke = X Tim v/nynpa/kn € {=x@, x@} € (=1, 1) = K.

Under {7, 4}, by results derived above, cfi}nfoP[(a, hn) = =/ Ynhi Y21 + Op(1) so that

1 > ~(1
Cinzn—B—PI(O" n( T(Lf)L

n—oo 1 ~

Cfm)'n—B—PI(OQ P (Y h)

>

— VX (1) Yk Ynh2 + Op(1)
e _\/ﬁ’}/n,h,l%z,hﬁ + Op(l)

plim

= plim =xu < L.

Now let %2,)11 = X(2)Yn,h1 and 57(3,)12 = Yn,n,2 for all n with x(2) € (1, 00) so that lim,, \/ﬁ&’flz})bl

= X(2) limn_mo \/ﬁ'yn,h,l = hl and
lim /A0 /R = Xy Vg € {= X)X} C [-00,~1) U (1,00] = L.

Under {71}, ngn—B—Pl(av ﬁn) = Yn,21%1—a SO that

2 7T ~(2
& s pi(a b, (G2))
n—00 (2)

= 1=1.
CminfoPI<O‘7 hy, Tn,h

plim

= plim,,_,

Hence, Assumption M-BM-PI.2(iii) holds. W

10 Appendix III: Auxiliary Assumptions and Results

In this appendix, we provide some auxiliary results mentioned in the main text as well as
some auxiliary assumptions enforced in the lemmas of Appendix I.

Corollary SCF. Suppose Assumptions D, S-B.1, S-B.2(i) evaluated at the 6; = &; that
corresponds to B;, S-B.3 evaluated at §;, S-B.4, S-BM.1 and S-BM.2 hold fori=1,...,r. If

there are some h* € H and 1 € {1,...,r} such that P(W- > SUPyer, (i) cp(1—a)) = o and,

for every h € H, either (a) P(C%Mioz,ﬁ) = cS(a,d,h)) = 1 for some nonrandom 6 € [8, a— 4]
or (b) P(czy(a,h) = cp_a(a, B:, h)) = 1 for some nonrandom i € {1,...,r}, then

AsySz(6y, C%M(a, izn)) =«
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when A = 0.

Suppose instead that Assumptions D, PI, S-B.1, S-B.3 evaluated at 5;, S-B.4, PI, S-
BA-PI(i) and (iii) evaluated at B; and corresponding a;(-), S-BM.1 and S-BM.2 evaluated
at pairs (8™,0™) and (§;,0;) hold for i = 1,...,r. If there are some h* € H and i €
{1,...,r} such that P(Wy« > SUPyer, (i) cy(1 —az(h3))) = o and, for every h € H either

(a) P(c3y PI(oz h) = S p(a,d, h)) = 1 for some nonrandom & € [6™,a — 6™ or (b)

P(cE, p(a,h) = cp_a_pr(a ﬁl,h)) =1 for some nonrandom i € {1,...,r}, then

~

AsySz(0o, cpar_pr(a, hn)) = a
when n(-) = 0.

Proof: We provide the proof for the non-PI case as that for the PI case is quite similar. By
the same arguments as those used in the proof of Theorem S-BM, for any h € H,

lim sup P607'Yn,h( (00) Crnin— B(a7 iLn)) < P(Wh > cmin—B(avﬁ))'
n—oo
If (a) holds, N s
P(Wh > Cmin—B(av h’)) - P(Wh > C%(O@(S, h)) Sa
where the inequality follows from (A.1). If (b) holds,

P(Wy, > Cin-p(a, 1)) = P(Wy, > c5_ala, B, 7)) < a

We then obtain AsySz(fy, ¢, (v, hy)) < a by identical arguments to those used in the proof
of Theorem S-B. Finally, since C%M(O( h,) < cg—ala, By, hy) for all v € ' and n,

a=PWy > sup cy(1—a;)) < AsySz(0o, cp—ala, 5, izn)) < AsySz(6y, C%M(O./, fzn)),

hEIB;(%*)
similarly to the proof of Theorem S-BA. l

The enforcement of Assumption S-B.2 for § = « in the above corrolary is only used to
establish the lower bound of « on the asymptotic size. The new condition that ensures size

control in the absence of a SCF holds, for example, in the non-PI context when § is invariant

to h and in the PI context when ¢ is invariant to h1
The following proposition provides a sufficient condition for part (ii) of Assumption S-

BM.3 to hold.

Proposition S-BM. (i) For A >0, Assumption S-BM.3(ii) holds if the distribution func-
tion of Wh =W, — cmin_B(a,E), jh() say, is continuous over h € H and strictly increasing
at A(h) for allh € H={h € H: J,(0) <1—a}.

(ii) For A = 0, Assumption S-BM.3(ii) holds if there are some h* € H andi € {1,...,r}
such that P(Wp« > SUPycr, (i) (1 —az) = a.
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Proof: (i) Note that for h € H, A(h) = jh’l(l — a) is continuous over h € H ¢ H (by
the continuity of J, in h) and that H is compact (being the preimage of a closed set of a
continuous function). Hence, the extreme value theorem provides that A = sup, 5 A(h) =

A(h*) for some h* € H so that P(Wy- > 5, (cv, h*)) = P(Whs > Cmin—p(a, ) +A(RY)) = o
since h* € H. _ _

(i) P(Wp- > ey (a, h*)) < a by construction and P(Wy« > ¢y, (o, h*)) > P(Wye >
SUPpery (i) w(l—0a;))=a. W

The following two assumptions are used in Lemma M-B in Appendix I.

Assumption M-B.6. Consider some fired (o, 8) € (0,1) x [0,a] and any h € H®.
(i) For any finite n and i = 1,2,

Poyrnll sup (1 —0)] <o0) =1.
belafé(hn)

(ii) If (({VYnn}) € K, then limsup,, .. Py, ~, , (Tn(to) > cg)(a,& iln)) <a. If(({mn}) €
L, then limsup,, ., Py, ~,., (Tn(00) > Cg)(&, 9, Bn)) < a.

(111) If (({ynn}) € L° N K, there are some {’vvill,)l}, {%(12%} C T such that (({%(11,)11}) e K
and (({7,.1}) € L and

Qe .
: SUPper, s(hn (7)) (1-29)
plim,,_, @ <1

SUPher, 5(hn(vnn)) Cb (1—9)

wp 1 fori = 1,2, where hy(Ynp) (ﬁnﬁ(i) )) denotes the estimator of Assumption B.3 when

n,

Hy and the drifting sequence of parameters {~,n} ({%(f)h}) characterize the true DGP.

Similar comments to those following Assumption M-BM.4 apply to the above assumption.
The following assumption is used only to establish a lower bound on the size of a test using
M-Bonf CVs. It is not required to show size control.

Assumption M-B-LB. Fither (a) supycy cél)(l —0) = cél*)(l)(l —68) for some h*Y € H and
there is some {,, p-n } C T with ({7, =@ }) € int(K) or (b) supycy cf(f)(l —§) = chi)@)(l—é)
for some h*® € H and there is some {7, y«»} C T with (({, 5+ }) € int(L).

Like Assumption M-B.2, this assumption is also essentially a continuity condition. An
appeal to the continuity in A of one of the localized quantiles and the extreme value theorem
can be used to verify it so long as the corresponding condition on the normalized drifting
sequence is shown to hold.

We replace Assumption M-B-LB by the following to establish the lower bound on the
asymptotic size of the corresponding test using PI M-Bonf CVs.
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Assumption M-B-PI-LB. Consider some fized 6 € (0,1). For some h} € Hs, either (a)
SUDy, e 11, cgéi’hg)(l —9) = CE )*(1) I )(1 —9) for some h;( € Hy, supy,cp, € g ) (1 =46) is contin-
uous at h¥ as a function into ]Roo and there is some {7 (O h*)} € I' with ¢({v, ), h*)})

[ANRS 02

2 *
int(K) or (b) supy,cp, ¢ Ehz s )(1 §) = Cﬁh)@),h;)(l_é) for some h1( € Hy, supy,cp, € E ) )(1_

d) is continuous at hi as a function into R, and there is some {v (@ h*)} € I' with
- LSRG L)
({7 B sy }) € int(L).

Similar comments with regard to continuity to those following Assumption M-B-LB apply
here as well.

We now present formal statements regarding the asymptotic size of tests using (PI) M-
Bonf-Adj CVs as well as additional imposed assumptions. The proofs of the following two
corollaries are very similar to those found in Appendix I and are hence omitted.

Assumption M-BA. (i) P(W, ) = cB A( . B, )) =0 forallh € H and i = 1,2.

(i1) Either (a) P(Wy.q) > cB A( B, W)y = a for some h*(l) € H and there is some
{”yn h*(1>} C I with ({0 }) € int(K) or (b) P(Wyu > A2 (o, B, h*?)) = « for some
@ € H and there is some {7, -} C I with ({7, p=»}) € int(L).

Similar remarks to those following Assumption S-BA apply here.

Corollary M-BA. Under Assumptions D, M-B.1, M-B.2(i) evaluated at § = a™) fori =1
and § = a? for i = 2, M-B.3 through M-B.6, replacing “a. — 87 by 3 and “6” by a) for

i =1 and a® fori=2 in parts (i) and (iii) of Assumption M-B.6 and “cg) 7 by ‘“c () 4 for
i =1,24n part (ii) of Assumption M-B.6, and M-BA,

AsySz(0o, e 4 (v, B, ) =

Assumption M-BA-PI. (i) Fori=1,2,a% : Hy, — [, a—0D] is a continuous function.

(ii) Fori=1,2, PW" =9, (a,8,h)) =0 for all h € H.

(i11) Fori=1,2, P(W}Ez) > SUPyer iy cf(;)(l —a(hy))) < a forallh e H.

(iv) Either (a) P(Wy.q) > cg)A pra, B, Y)Y = a for some h*V € H and there is
some { e} C T with C({y -0 }) € nt(K) or () P(Wyew > ¢34 py(, 8, ")) = a
for some W e H and there is some {Yp@} CT with ({7, 4= }) € int(L).

Similar remarks to those following Assumption S-BA-PI apply here.

Corollary M-BA-PI. Under Assumptwns D, PI, M-B.1, M BM.1, M-B.3 through M-B.6,
replacing “a—07 by B and 07 by a D (An2) for i =1 and a® (%,2) fori =2 in parts (i) and

(iii) of Assumption M-B.6 and * B 7 by B_A_PI Y fori = 1,2 in part (ii) of Assumption
M-B.6, and M-BA-PI,

AsySz(0, le\ngfPl(aa B, Bn)) =a

We now present the final two sufficient conditions, useful for verifying Assumptions im-
posed in Theorem M-BM and Corollary M-BM-PI.
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Proposition M-BM. Suppose Assumptions D, M-B.1, M-B.2(i) evaluated at 5§1) = dgl)
corresponding to [5; and cg) and (51.(2) = d?) corresponding to [; and 022), either (a) M-
B.3 evaluated at §; or (b) cg)_A(oz,ﬂi,h) and cg)_A(oz,ﬁi,h) are invariant to h, M-B./, M-
B@MMMJMWQWMMMmmmﬁm:me1mmw@ PW, >
cggn gla, DY + Ay) = a for some "V € H and there is some Y-} € I with
CH{Ynpm}) € int(K ) or (b) P( hf()Q) > cfnzn B(a,ﬁ*@)) + Ay) = « for some h*? € H
and there is some {7, =} C I' with (({V,p«»}) € int(L), then Assumption M-BM.3(ii)
holds.

Proof: Suppose (a) holds. Then,

a > limsup Py, |, (Tu(60) > W (o, hy) + A1)

. mzn B
> hm mf Py, R ( n(00) > Cfnzn sla, iln) +Ay)

>Pmﬂm>é> (a, D)+ A)) =

min—B

where the first inequality is shown in the proof of Theorem M-BM. The proof when (b) holds
is very similar. H

Proposition M-BM-PI. Suppose Assumptions D, PI, M-B.1, either (a) M-B.3 evalu-
ated at f3; or (b) c1 ala, Biyh) and ch ala, Biyh) are invariant to hy for i = 1,...,r,
M-B.4, M-B.5, M-BM.1, M-BM.2 and M-BM-PI. 1(1) (i1i) hold. If either (a) P( h*21> >
cfjjn spr(@, * D) (h*(l))) =« for some h*M) € H and there is some {7, -} C T

wzth C{yppew) € int(K) or (b) P(W, h*@) > C£r2m),n s_prla, i )—1—7;2(@;(2))) = « for some
W@ € H and there is some {7y, e} C I with ({7, ) € int(L), then Assumption
M—BM—P].](z'v) holds.

Proof: Suppose (a) holds. Then,

a > 1imsup Pryy ) (T(00) > it pr(@ ) + 11 (32)

n—o0

> liminf Py, ) (Talbo) > el ppr(c ) + 11 ()

1 * *(2
> P(Wity > cinzn_B_pAa, RO) + (b)) = o,

where the first inequality is shown in the proof of Corollary M-BM-PI. The proof when (b)
holds is very similar. H

These sufficient conditions are useful because they are typically the direct byproducts of

the construction of the SCFs A; (or SCF functions 7;(-)) so that the only part that needs to
be verified is the existence of the corresponding parameter sequences.
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Table 1: Maximum (Over () Null Rejection Probabilities for Different Values of 7 in the
Post-Conservative Model Selection Example

72| = 0 0.2 0.4 0.6 0.8 09 095 099 Max

f=0,w/oSCF 0.051 0.052 0.051 0.048 0.046 0.048 0.047 0.048 0.052
g =0.89, w/o SCF 0.052 0.050 0.051 0.050 0.048 0.048 0.048 0.086 0.086
f=0.89, w/ SCF 0.052 0.050 0.050 0.050 0.048 0.048 0.048 0.086 0.086

Table 2: Maximum (Over f2) Null Rejection Probabilities for Different Values of v, 2 in the
Post Consistent Model Selection Example

V22| = 0 0.2 0.4 0.6 0.8 09 095 099 Max
B =0,w/oSCF = 0.052 0.050 0.050 0.050 0.050 0.050 0.050 0.050 0.052
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Figure 1: Post-Conservative MS Critical Values, hy = 0.9
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Figure 2: Post-Conservative MS Critical Values, hy = 0.6
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Figure 3: Post-Conservative MS Power, 75 = 0.9, § = 0.2
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Figure 4: Post-Conservative MS Power, 75 = 0.6, § = 0.2
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Figure 5: Post-Conservative MS Power, 75 = 0.3, § = 0.2
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Figure 6: Post-Conservative MS Power, v =0, § = 0.2
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Figure 7: Post-Conservative MS Power, 75 = 0.9, § = 0.3
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Figure 8: Post-Consistent MS Power Using PI M-Bonf-Min CVs, v25 = 0.9
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Figure 9: Post-Consistent MS Power Using PI M-Bonf-Min CVs, v29 = 0.6
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Figure 10: Post-Consistent MS Power Using PI M-Bonf-Min CVs, 752 = 0.3
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Figure 11: Post-Consistent MS Power Using PI M-Bonf-Min CVs, 729 = 0



